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Quantum/Classical Algorithms



Classical Full Adder
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<Classical Full Adder : Circuit (L) and Truth table (R)>



Classical Full Adder

>
0
5

(@)
o
s

wn

B um
A . ~§9 ) S 0 0 0 0 0
B ) y/ @ SUM 0 0 1 0 1
Ci L_ ’ 0 1 0 0 1
AND 0 1 1 1 0
:j!}_ﬁgy 1 0 0 0 1
. 1 0 1 1 0
1 1 0 0 0
1 1 1 1 1

3+6="




Classical Full Adder
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Quantum Adder
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[ XON ) Example4_QFA_efficient.py

4P  Exampled_QFA_efficient.py
# —%—C0d1Ng:UtT—8—%—

from Q_Type_1 import * #For using Q Compiler
Quantum Adder EESSSEEE

# For using Q library
from Q_lib import cRn,cRn_dag

#Number_of_Qubit

n 6
- qcC. ("gbit", n)
qct ("bit", n)
Part of processing input data #Preparation
for i in (n): qc. (qlil)
22> 10> [10) Ok
5 = 2
3 9 11 9 |11> #Mapping to qubits for a and b

bin_a = (a)[2:1. (n//2)
bin_b = (b)[2:]. (n//2)

for i in ( (bin_a)):
if bin_a[i] == "1": qc.x(q[i])
for i in ( (bin_b)):
if bin_b[i] == "1": qc.x(ql[i+n//2])
_—_—_—_—_—_—_J
#QFT
for i in (n//2,n):
qc.h(qlil)
for j in (n-i-1): (qli+j+11,ql[il,j+1)

#QFT_Addition
for i in (n//2,n):
for j in (n-1i): (qli-n//2+j1,qlil,j)

#Inverse_QFT
for i in ( (n//2,n)):
for j in ( (n-i-1)):
(qli+j+11,ql[i],j+1)
qc.h(qlil)

#Measurement
for i in (n):
qce (qlil, cIil)

] Line 5, Column 1; Saved ~/Works/QC-DNA/DB-Algorithms/Example4_QFA_efficient.py (UTF-8) Tab Size: 4



Quantum Adder
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Classical Genetic Algorithm

_cmeer Graph for [[11, 1, 5]] Quantum Graph Code:
1011101010 - Adjacency matrix of a simple mathematical graph is
embedded into a bit string sequence

chromosomes ! *

encoding l 1100101010 |——| [BEO0Mo 1010

1011101110 101 1 1 D0
.! 0011011001

> 1100110001

\ mutation
(10101181011

selection evaluation
’ offspring \
new [ | | 110010 1110
population | & A/ - | | 101110 1010
B L & { !
— % S | 0011001001 rJ
Qpe® '

v decoding
|
A

fitness
computation ‘

| roulette wheel

Traditional structure of genetic algorithm (adapted from (Gen & Cheng 1997, p.3))

[YH et al., Graph for a quantum graph code, QIP 2016] 12



Classical Classifier

 Classification problem : A subclass of supervised learning problems in which a computer model is

presented with labelled data and asked to learn some pattern.
Y
A

e C(ClassA

Class B

£3

>

X

Y

* For binary classification, the input is a set of labelled feature vectors {(xi,yl-)}’i‘il where X is a
arbitrary set, x; € X is a feature vector and y; € {0, 1} is a binary label.

* Then, given this data, the goal of the learner is to output a rule f: X’ — {0, 1} which accurately
classifies the data and can be used to make predictions on new data

13



Quantum Classifier

Quantum dataset

a Classical dataset b

Encoding
d
° L]
Cat/dog
Metallic/superconductor
Quantum kemel

Making predictions Training the model

Fig. 3 | Classification with QML. a, The classical data x, that is, images

of cats and images of dogs, is encoded into a Hilbert space via some

map x — |y(x)). |deally, data from different classes (here represented by
dots and stars) are mapped to different regions of the Hilbert space.

b, Quantum data |y) can be directly analyzed on a quantum device. Here
the dataset is composed of states representing metallic or superconducting
systems. ¢, The dataset is used to train a QML model. Two common
paradigms in QML are QNNs and quantum kernels, both of which allow
for classification of either classical or quantum data. In kernel methods we
fit a decision hyperplane that separates the classes. d, Once the model is
trained, it can be used to make predictions.
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Preliminaries : Terms
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Quantum Register

* Quantum register :
* An n-qubit quantum register is a quantum system comprising n pure qubits.
2n—1
Y= ) aili) = apl0) +a;l1) + -+ agn 42" = 1)

1=0

* If each quantum system (qubit) s is prepared in the state |y);), the composite

system can be described as a tensor product, |Y) =|y)R|Y1)Q - R|Y,,_1).

* If the state is not separable, it cannot be represented as a tensor product), it
is in an entangled state.

16



Quantum Data Embeddings



Feature Map

* Feature Mapping is a technique used in data analysis and machine learning to
transform input data from a lower-dimensional space to a higher-dimensional
space, where it can be more easily analyzed or classfied.
(https://www.geeksforgeeks.org/feature-mapping/)

X be a set of input data. A feature map ¢: X' = F where F is the feature space. The output of the map ¢(x) forallx € X

are called feature vectors.
18



Quantum Feature Map

* A quantum feature map ¢: X — F is a feature map where the vector space F is
a Hilbert space and the feature vectors are quantum states.
The map transforms x = [¢(x)) by way of a unitary transformation Uy (x), which

is typically a mapping circuit whose parameters depend on the input data.

Mapping circuit depends on parameters and encoding methoclf9



Quantum Data Embedding (or Encoding)

* Quantum Data Embedding:
* Process to load classical data onto a quantum system

x = [P(x))

* Two categories:
e Digital : classical data = qubit strings, \%MZ%:HX(T”))

* Analog : classical data = amplitude of a quantum state, >, x;|i) with
Ylxi]* =1

20



Quantum Data Embedding

* Guide to select an embedding method:

1) Data must be represented properly for main
computations

* Digital for arithmetic computation
* Analog for machine learning tasks

2) #qubits should be minimal

: |
: |
i 3) #parallel operations should be minimal i
| (to reduce the circuit width) |

Constraints of current HW

9o
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— oo @

w0 El

<Circuit of quantum adder>

1 -q/ubit gate 2-qubit gate

o
D

Q3 G
Q4 U E
Qs —.—l—.— &

<source: cisco.com>
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Basis Encoding

* Basis encoding transforms a bit string into a quantum state on a computational
basis. It is primarily used when real numbers have to be arithmetically
manipulated in a quantum algorithm.

Pre-processing to :
Input Data Basis encoded state
convert to Binary form

Input Feature | Feature Basis encoded Amplitude
Binary (x1) Binary (x2)
Sample x1 D Quantum state vector

1101110> —|101110>

X2 4 1 100 001 1100001> \/ 1100001>
2

A
6 qubit = 2° = 64 States

|100001> 1101110>

Sl 123415 ]6]7 EEEE mm 60 616263 |64

Amnlitede >0 O (00N 0F fol | 0} 0 EEEs 0 | 0/ 0| = | O (EEEE 0 @ - @O 6]

V2 h

Amplitude vector is very sparse , only 2 state has non-zero amplitude out of 64 states
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Basis Encoding

PennyLane Example

Example

Basis embedding encodes the binary feature vector into a basis state.

dev = gml.device('default.qubit', wires=3)

@gml.gnode (dev)

def circuit(feature_vector):
gml.BasisEmbedding(features=feature_vector, wires=range(3))

return gml.state()

X=11,1,1]

The resulting circuit is:

>>> print(gml.draw(circuit, expansion_strategy="device") (X))
0: —X—| State
1: —X— State
2: —X— State

And, the output state is:

>>> print(circuit(X))
[0.+0.] 0.40.]) 0.+0.j 0.40.j 0.+0.j 0.+0.j 0.+0.j 1.+0.j]

Thus, [1,1,1] is mappedto [111).

23



Basis Encoding

Fixed-Point Encoding of Real Number

Definition 3.1 (Fixed-point encoding of real numbers (Rebentrost et al.,
2021)). Let ¢;,cy be positive integers, and a € {0,1}“, b € {0,1}“, and
s € {0,1} be bit strings. Define the rational number as:

1 1
Oa,b,s) 1= (~1)° (2 a,, + 205 + ay + 5by 4+ 5ob, ) € [FRL R

262
(3.2)
where R := 20 —27%. If ¢;,c, are clear from the context, we can use the
shorthand notation for a number z := (a, b, s) and write 9(z) instead of 9(a, b, s).
Given an n-dimensional vector v € ({0,1}° x {0,1} x {0,1})" the notation
9(v) means an n-dimensional vector whose j-th component is Q(v;), for j € [n].

Negative number based on 2’s complement (22| E):

For 4-bit system:
e 0000~0111:0~7
e 1000~ 1111:-8~-1

00010.110,

=1x21 +1x271 4+ 1x272
=24 0.54+0.25

= 2.75

000.10110,

=1x2" 1+ 1x273 4+ 1x27*
= 0.5+ 0.125 + 0.0625

= 0.6875

24



QuAM (Q-Associative Memory) i

* QUAM encoding is based on superposition to encode a set of data in a qubit
register of the same length. It requires a binary representation of all equally long
values, or we need to pad the register with zeros.

Input
Input Classical Binary | Basis encoded
variable Data Number | Quantum Data QuAbsEncededivalue
X1 10 1010 |1010> ; . .
X2 15 1111 11111> %|1010>+%|1111>+%|1000>
X3 8 1000 | 1000>

25



a
Angle Encoding (Tensor Product Encoding) :@ i7/

* The n classical features are encoded into the rotation angle of the n qubits.

* This encoding requires n qubits to represent n-dimensional data, but is cheaper
to prepare in complexity (constant circuit depth): it requires one rotation on each

qubit R, (v) or Ry, (v) for the value v to encode.

x1 x2 x3 x4
Input
Classical -12.5 el ils 7
Data
0) —— Ry(2x0) ——
0) —r,@x)——

cos (3) | 0> cos (-6.25) | 0> cos (5.575) | 0> |

cos (3.5) |0>
Ry(X) |0000> =

sin(-6.25) |1>

sin(5.575) |1>

-1 sin(3) [1> | sin(3.5) |1>

26



Angle Encoding (Tensor Product Encoding)

Example
PennylLane

Angle embedding encodes the features by using the specified rotation operation.
Example

dev = gml.device('default.qubit', wires=3)

@qml.qgnode(dev)

def circuit(feature_vector):
gml.AngleEmbedding(features=feature_vector, wires=range(3), rotation='Z")
gml.Hadamard(0)
return gml.probs(wires=range(3))

X =11,2,3]
Here, we have also used rotation angles RZ. If not specified, RX is used as default. The resulting circuit is:

>>> print(gml.draw(circuit, expansion_strategy="device") (X))
0: —RZ(1.00)—H—| (Probs
1: —RZ(2.00)——| |Probs
2: —RZ(3.00)—— 'Probs

27



QRAM (Q-Random Access Memory)

* QRAM is used to load a superposition of data values at once.

* A classical RAM that receives an address with a memory index loads the data at
the address into an output register.

* QRAM provides the same functionality, but the address and the output register
are quantum registers that can be the superposition of multiple values.

i ) address register
J— QRAM | °
£ lloloh+ 1 agdress  Datavaiue | | 2!lel0]
2ol | [0Jo] [ofo[o] | |.&[2h— m— m—
P — [o[a] | [aIilo] = >|0> )
2 [i[o] [o[a[1] [o]ool1— — — X
= |[o]o]o]) | a; a
S| A [ I[i2]o])’ | \Jm 0 \/ . l

FIGURE 6 Basic functionality of a quantum random access memory
(QRAM) is based on [8]. Given an address register that is in a superposition
of addresses (|00) and |01)), QRAM creates a superposition of addresses

and their data values: <5[00)000) + L:]01)[110) data register

28



Amplitude Encoding

e Data is encoded into the amplitudes of a quantum state. This encoding requires
log,(n) qubits to represent an n-dimensional data.

x3
TS
1145
19.12

Amplitude 6 12°5 111

5 7
i | (8l — m|01> + m|10> - mlll>

X2

=125
19:12

Input
Classical
Data

x1

Normalization L
19.12
\¥

x4
7
19:12

norm factor: /62 + (—12.5)2+11.152 + 72 29



Amplitude Encoding

PennylLane FExample

Example Amplitude embedding encodes a normalized 2" -dimensional feature vector into the state of n qubits:

import pennylane as qml

dev = gml.device('default.qubit', wires=2)

@gml.qgnode(dev)

def circuit(f=None):
gml.AmplitudeEmbedding(features=f, wires=range(2))

return gml.expval(gml.Pauliz(@)), qml.state()

res, state = circuit(f=[1/2, 1/2, 1/2, 1/21)
The final state of the device is - up to a global phase - equivalent to the input passed to the circuit:

>>> state
tensor([0.5+0.j, 0.5+0.j, 0.5+0.j, 0.5+0.j], requires_grad=True)

30



Dense Angle Encoding (PRA 102, 032420)

* Given a feature vector x = [xq, x5, -, xy]! € RY,
the dense angle encoding maps x = E(x) given by

|x) =& - N/z cos(mx,i_1) |0) + e2™¥z2i sin(mx,;_1) |1)

This encoding exploits an additional property of qubits (relative phase) to use the only n/2 qubits
to encode n data points

0)
82, .
- o °
Lof e . 4 3
°
] . °
0.8 S o °* % J -7 \
N 0.61 ° * e e P L L2 1= P
9 ng S F 2 IS P---t | ————> e P B
0.4 1 ® e ...‘ .- @ so T2 =EimE Callalls
° o, ° ® .~ ° o o o ol © ] .
0.2 % & ° ° ° °
050 ge” ©®  ° ° g A
‘5 . [ ) oo .~ P o : . 0 °
00L® " " e % Nl
0.0 0.2 04 0.6 0.8 1.0 < o
1 1)

<Visual representation of data encoding for a single qubit, PRA 102, 032420>
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General Qubit Encoding (PRA 102, 032420)

* Given a feature vector x = [xq, x5, -, xy]' € RV,
the general qubit encoding maps x = E(x) given by

|x> : [N/Z] fl(le 1:x21)|0> T gl(le 1:x21)|1>

where f,g : RXR — C are such that |f;|* + |g;|? = 1.

32



Qsample Encoding

* Qsample encoding is a method to connect a concept of probability distribution of
a discrete random variable to a quantum state.

* Assume there is a PMF of random variable X as Pr(X = i) = p;. Any discrete
random variable could be represented like it by indexing the events. For them, we

define a quantum state [y) = Y, p;li).
 Joint probability of random variables:
+ |x) =Xk MPr(X = i) and ly) = XiL; Pr(Y = ))1j)
* |x,y) = U 1\/Pr(X DPr(Y = j)|i)|j) if two variables are independent.
* |x,y) = U 1\/Pr(X = i,Y = j) |i)|j) if two variables are dependent each other.

| =t LIE}LY = St~

-

Ok
]

M
[0

PMF(Probability Mass Function) : 2tE A 2Fet= O| A= EHSTO M EF 440] CH
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Hamiltonian Encoding (Matrix Encoding)

* This encoding encodes the data into the operator.

A matrix A has to be represented as an operation on a quantum computer.
e If 4 is not Hermitian, encode H = (AOT gl) instead of A.
* To make the matrix as a unitary matrix, we use a matrix exponential as e AL,

* Since any unitary matrix A can be decomposed with Pauli gates suchas A = al +
pX + &Y + yZ based on a real vector (a, 5,9,7).

* Then, we can develop the unitary evolution as follows,
plAt — el(a1+,8X+6Y+yZ)t — platl , el,BtX . el5tY . elVtY — Rx(ﬁt)Ry(5t)RZ(yt).

* We can express any unitary evolution by three rotation operators.

e4* = cos(x) I + isin(x) A when x is real and A% = I

34



Hamiltonian Encoding (Matrix Encoding)

 However, in reality, the circuit identity cannot be established because the

commutativity rule does not hold for matrices, That is, AB # BA so edAtB +

edeB.

* This can be overcome by applying Trotter Suzuki formula,
. . . r
For large enough 7, the equation holds e "t +H2) ~ (o =tHat/T g =tHpt/T)"

* The hamiltonian encoding method is densely connected with Physics. Therefore,
various physical algorithms including VQE and QAOA are developed with
hamiltonian encoding.

35



Review

TABLE 1

Comparison of data encoding patterns. For the QUANTUM

RANDOM ACCESS MEMORY (QRAM) ENCODING, we assume that all 7z data

points are loaded

Encoding pattern Encoding Req. qubits
somy BASIS ENCOD-  z; ~ 30,028 — 1= k+mper
ING [13] |6 o b_k) data-point
"E>V ANGLE x; — cos(x;) |0) + 1 per data-
ENCODING sin(xz;) |1) point
M) QUAM ENCOD- X +— > "7 ED) !
Sl = 1= O 2
ED NG [13] \/_
| 1)
QRAM X — Zn 5 \/_ 1) |s) [logn] +1
v | ENCODING
xﬁlN AMPLITUDE X =3 |i) [logn]

|

ENCODING [13]
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Quantum Analog-Digital Conversion

PHYSICAL REVIEW A 99, 012301 (2019) (a) Analog-encoding
N

ijlj)

Jj=1

Quantum analog-digital conversion
Classical data

{x}.{d;}

Encode QADC QDAC

Kosuke Mitarai,"" Masahiro Kitagawa,-? and Keisuke Fujii>*f
'Graduate School of Engineering Science, Osaka University, 1-3 Machikaneyama, Toyonaka, Osaka 560-8531, Japan
2Quantum Information and Quantum Biology Division, Institute for Open and Transdisciplinary Research Initiatives,
Osaka University, 1-3 Machikaneyama, Toyonaka, Osaka 560-8531, Japan

Digital-encoding
N

3Graduate School of Science, Kyoto University, Yoshida-Ushinomiya-cho, Sakyo-ku, Kyoto 606-8302, Japan izl )ld;)
4JST, PRESTO, 4-1-8 Honcho, Kawaguchi, Saitama 332-0012, Japan \/ﬁj=l J
® (Received 21 June 2018; published 2 January 2019) (b) HHL algorithm

Many quantum algorithms, such as the Harrow-Hassidim-Lloyd (HHL) algorithm, depend on oracles that [ Vector {x]} ] [ Eigenvalue {Aj} of matrix A]
efficiently encode classical data into a quantum state. The encoding of the data can be categorized into two
types: analog encoding, where the data are stored as amplitudes of a state, and digital encoding, where they are Phase estimation
stored as qubit strings. The former has been utilized to process classical data in an exponentially large space

i i i i ; Analog-/ digital- ;
of a guantum system, Wherea{s the latter is required to Perform anltl’.lmetICS on a quantum comput(':r. Quanturp Analog-encoding ¢} g ¢} Analog-encoding
algorithms such as HHL achieve quantum speedups with a sophisticated use of these two encodings. In this N Nenco Ing QDAC N
work, we present algorithms that convert these two encodings to one another. While quantum digital-to-analog Z xilj) Z( A71x) 1)
conversions have implicitly been used in existing quantum algorithms, we reformulate it and give a generalized = ! Z Xj |af)|)*j) = J
=1

protocol that works probabilistically. On the other hand, we propose a deterministic algorithm that performs a
quantum analog-to-digital conversion. These algorithms can be utilized to realize high-level quantum algorithms

such as a nonlinear transformation of amplitudes of a quantum state. As an example, we construct a “quantum . . ..
. . \mp q pee, ruetd d FIG. 1. (a) Schematic sketch of analog encoding and digital
amplitude perceptron,” a quantum version of the neural network that hence has a possible application in the area

of quantum machine learning. encoding. QDAC and QADC mediate these two encodings. (b) A
brief flowchart of the HHL algorithm [4]. {|a;)} denote eigenvectors
of a Hermitian matrix A, each corresponding to eigenvalues {A;}. x;

are complex numbers such that Z;V:l x;lj)y= Z;V:l xjla;).

DOI: 10.1103/PhysRevA.99.012301



Use Case : Solve HHL Algorithm



HHL (Harrow-Hassidim-Lloyd)

* A system of linear equations: Ax = b
Given A € C™™ which fulfils certain requirements* and a vector |b) € C", find
|x) € C™ such that A|x) = |b). An equivalent formulation of this equation is

|x) = A71|b).
* Due to the spectral theorem, |b) can be written in terms of the eigenvectors {u;}
of 4, |b) = ,[3] |u]) Then, the equatlon is reformulated as

|x) = z 45 Bjlw).

The condition number of A4 is low and A is a sparse matrix.
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HHL (Harrow-Hassidim-Lloyd)

n—-1
z BilAi) )
i=0

A
RN Amplitude | Matrix D_ ||_—|> QuAM " 71 | Post-selective
‘x J(H i H : = ) .
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A '- ! | |
|0) : | : ] 11)
! v : Controlled (6)
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HHL (Harrow-Hassidim-Lloyd)

_ n-—1
restrictions on A z | >| )
B:| 1 u;
A . J177 ]
1=0
‘,_.x J[H Amplitude ( )r\ Matrix Ew._—p QuAM “ Post-selective
Il | Encoding ~lEncoding i~ """ Encoding Measurement
A i :
|0) | i E ] 1)
! v ! Controlled (6)
|0) ! i - —i | rotations [ ;ﬂ
; [ CHED S I ||
| O) E v y. j Process : (4) : I:“/f\/
E Quantum || eigen- Uncompute
! Phase values (5)
|0) “|Load |p) | Estimation —| (3) 5
¢ ] | ] o _
o I 5
1 T A A ©

n—1
by =) byli)
i=0

exponential time

v

Amplitude
Encoding

r B
A
¢ X
N

b _

repetitions of readout
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Preparation of
Arbitrary Quantum State



Preparation of Arbitrary Quantum State

* Suppose that a quantum state |s) has to be prepared on an empty qubit register.
If the state preparation method is not known that exploits the structure of the
state to prepare it efficiently, we have to use a method for creating an arbitrary
state instead.
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#1 Uniformly Controlled Rotation Based
(Mottonen, QIC Vol. 5, No. 6, 467)

v
&

us

!
5

'

'

k-fold Uniformly Controlled
Rotation Gate, EX(a, a)

|

|

0

I

?
T
T

R (o

IR, - -

)

Ra(az)

R (o) -

. Ra(OCM-z)

Ra(oc ret)

Ra(OCM)

FIG. 1: Definition of the k-fold uniformly controlled rotation F}%(a, a) of qubit m about the axis a. The left hand side defines
the gate symbol used for the uniformly controlled rotation. The enumeration of the qubits is arbitrary with the exception that
the target qubit is the m'™ one. The black control bits stand for value 1 and the white for 0. Above, M = 2*.

|Y) = a¢|000)|t) + a1|001)|t) + a5|010)|t) + a3|011)[t) + a,|100)|t) + a5|101)|t) + a6|110)|t) + a;|111)|¢)

F(a,a)|p) = a'x|000)|t) + a'1]001)|t) + a',|010)|t) + a'5|011)|t) +
a' 4 |100)[t) + a's|101)|t) + a'¢|110)|t) + a'5|111)|¢t)
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#1 Uniformly Controlled Rotation Based

1 S R S SR
— Ra — — Ra((xl) u Ra(az)— Ra(oc3) mt ] Ra(‘XM-z) m Ra(aM-I) m Ra(OCM) ~

k-fold Uniformly Controlled
Rotation Gate, EX(a, a)

1R, S Ra(el)l R (6,) J} Ra(eg)l R (6,) HDH{ R (65)

]

R (65)

J} R(67)

]

R (65) D

()-(7)

My = 27K (=1)Pi-19i-1

* b, : binary code
* Jm :gray code for integer m

Single- and Two-qubit gate
decomposition of

k-fold Uniformly Controlled
Rotation Gate

2% CNOT + 2% R,
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#1 Uniformly Controlled Rotation Based

RO RPN i R R L M Decimal | Binary | Gray Code
/0 &X|, A/D H2Y|, FHZ K| S0 A 0 0000 0000
| E — e | - . A
S B MG At S 2| A 7|7} 1 0001 0001
b —t A —t
5t T) QI3 2 AFO|Off BHXFE] B (1 bit : b
L —
St 2=018 A E0[H 3 0011 0010
4 0100 0110
= 5 0101 0111
) 510 0111111110 01 0000 0001
bit
b2 511 0111111111 01 0000 0000
& & & &3 g4 gs g g;
Figure 2: (a) Quantum circuit realizing the gate Fj(Ra),
Wlfere a is ppjrpendicular to the :Li-axis. gHere fve haye used The difference in the vector element
code nsed o tefine she postiuns of the contrel noces. Thy indicates the control qubit of CNOT

black and white rectangles denote bit values one and zero,
respectively.



#1 Uniformly Controlled Rotation Based

* Find a gate sequence corresponding to a matrix U such that U|a) = |b) for given |a) and |b).

* For convenience, we transform |a) to |0) than arbitrary target state.
(practically, |a) = |[0) = |b))

Our algorithm for transforming |a) = (Jay|e™?, |az|e??, ..., |an|e®™)T into |e;) works as follows:

e First we equalize the phases w; using a cascade of uniformly controlled z-rotations =,, rendering the vector real
up to the global phase ¢: Z, |a) = e'? |a).

e Then we rotate the real state vector |a) into the direction of |e1) using a similar sequence of uniformly controlled
y-rotations =, thus achieving our goal.

n n
= Jj-1 - j—1 y
5, = HF]. (2, & 1) ®lynej =, = nFj (y.@2_j41)®I,n-s
R & —1 - i—1 2 iSN W,
:y:z ]a> = H Fjj (y, a%_jﬂ) X [Qn—j H Fjj (Z, an_jH) X IQn—j ]a> = e 23:1 J/N ’€1> . (7>
j=1 j=1
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#1 Uniformly Controlled Rotation

R, R} R} R, E

FIG. 3: Gate sequence for state preparation using uniformly controlled rotations. The rotation angles {ag., .} for the uniformly
controlled rotations are given in Egs. (8) and (5).

 On considering |a) = |0) = |b), the entire circuit requires 2"*? — 4n — 4 CNOTs and 2™*2 — 5
one-qubit rotations



Example

MottonenStatePreparation creates any arbitrary state on the given wires depending on the input state vector.

°
#1 U n If‘ dev = gml.device('default.qubit', wires=3)

@qml.qgnode(dev)

def circuit(state):
gml.MottonenStatePreparation(state_vector=state, wires=range(3))
return gml.state()

]

state = np.array([1, 2j, 3, 4j, 5, 6j, 7, 8j])

state / np.linalg.norm(state)

state

print(gml.draw(circuit, expansion_strategy="device", max_length=80) (state))

0: —RY(2.35)-(® ® ® ®
1: —RY(2.09)-X—RY(0.21)-%- (e | ® |-
2: —RY(1.88) LX—RY(0.10)—'X—RY(0.08)—X—RY(0.15)—X
—® e————@— State
—X——- (0| —o—|—] State

—RZ(1.57)——WX-X-x-x—| state

The state preparation can be checked by running:

>>> print(np.allclose(state * np.exp(1lj * —0.785396), circuit(state)))
True

The state is equal to the input state upto a global phase. This phase is given by np.exp(1j * -0.785396) in this
example.



#2 Schmidt Decomposition Method
(PRA 83, 032302)

* (Schmidt Decomposition)
If [y) is a vector in a tensor product space H, @ Hpg, then there exists an
orthonormal basis {(|g0{4))} for H,, and an orthonormal basis {(|q)f?))} for Hp,
and non-negative real numbers {p;} so that

) =) ailof)|of).

l
* The coefficients «; are called Schmidt coefficients.
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#2 Schmidt Decomposition Method

* (4-Qubit Case Study)
An arbltrary 4-qubit state can be expressed using the Schmidt decomposition as

V) = Tizg i)l ).

Note that |y);) (|¢;)) are the orthonormal states of the first (second) two qubits.

* (Procedures: a total of 4 steps)

1 1
Phase 1] Phase 2 | Phase 3

1) Given the initial state |0000), generate the state with the IR V2 A N
Schmidt coefficients on the first two qubits: T il T T
(a]_lOO) + a2|01> + a3|10> + a4|11>)|00> WE{_\ E-;:r:l--‘f‘-l‘-}--;_}-\----

2) Perform qubit-wise CNOT gates e ,\\f ,L T
(1/00) + a5|01) + a3[10) + a4|11))|00) i -

— (C¥1|OO>|OO> T+ a2|01>|01> T a3|10>|10> T a4|11>|11>) <source: PRA 83, 032302>
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#2 Schmidt Decomposition Method

 (Procedures: cont’d)

3) Apply the unitary operation to transform the basis states of the first two qubits
into the four orthonormal states |y;):

4) Apply the unitary operation to transform the basis states of the second two
qubits into the four orthonormal states |¢;):

100) = [¢1),[01) = [P}, [10) = [3), [11) = |Py)
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#2 Schmidt Decomposition Method

e (5-Qubit Case Study)
Factorize the Hilbert space into two parts, with one part based on two qubits and
the other part is associated with three qubits.

* The Schmidt decomposition of an arbitrary 5- qublt state has the almost the same

structure with that the 4-qubit case, ) = Y7, a;|;)|®;), except that |¢;) are
3-qubit states.

* Therefore, the steps 1~3 are the same with those in the 4-qubit procedure.

» Step 4: Apply the unitary operation to transform the basis states of the second
three qubits into the four orthonormal states |¢;):
= |y)

00)[0) = [¢1), [01)]0) = |h2), [10)[0) — [3),
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#2 Schmidt Decomposition Method

2k 2k
1 )% — (2 aili>> 10)®" 0 — (Z adi)) 0y

i=1 i=1
2k Pl Pl 71
2 (Z al-|i>>|o>®" — > @l (Z ai|i>>|o>®"“ — > aili) [)[0)
i=1 i=1 i=1 t=1
2k 2k 7L 2k
3 > aliyli) > > el li) PRADIDEIATNBIY
i=1 i=1 i=1 =1
2k 2k 7t 2k
4 Z a; ;) i) — Z a; | ;) |d;) Z a;|y;) i) — z a;[;) |d;)
i=1 i=1 i=1 t=1



#2 Schmidt Decomposition Method

* Schmidt Decomposition and Singular Value Decomposition:
A quantum state |s) can be expressed in terms of two subspace V and W. The
orthogonal basis {f3, f>,**, fx} € V and {g1, 9>, ***, g} € W are chosen, and

then |s) is represented as |s) = Zi,]- b fi ® g;.
* Then, SVD of the matrix M = {b; ;} is computed
_ AN
as M = (U,U.,) (O)V .

* The entries of the diagonal matrix A build the set
{aq, a5, , a,,}, which defined the Schmidt

decomposition of |s): [s) = ); ai|§024>|90?>

0) . L
R . o
0y — . .
10) ¢ L
0y o o
|0> ] Dy -

<state preparation circuit>
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#2 Schmidt Decomposition Method

State Preparation
- ¢ o
|A|: ¢ U
— _ _ o— _ _—

1 - -

L/ I

Vi A | e
U

| |

€ L__l_

Preprocessing
Compute A, U, V
Compute...

A= ®MU1 ®MV ®Mk§
Compute M,—e’“lR (B)R, (r) R (51) Z-Y decomposition

Generate corresponding circuits

______________________________________

Figure 4. Preparing input based on Schmidt decomposition.
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Robust Data Embedding
(PRA 102, 032420)



Quantum Classifier

e (Quantum Classifier) A (binary) quantum classifier is defined as a procedure for
encoding data into quantum circuit, processing it through trainable circuit (QNN),
and outputting a (binary) predictable label

@ | —— A (binary) Quantum classifier consists of three well-
0) : _
0) defined functions:
Se | | Ula) 1) Encoding function:
0) — - I
0) E:X - D,, E(x) = p,
0) —L_ A= 2) Evolution Function:
n n m m
U: (CZ X2™ _ (CZ X2 U — A
10y S [ Ule) - A=7 .  Upx) = Px
3) Decision Rule:
FIG. 1. A common architecture for a binary quantum classifier A, Zm)(zm
that we study in this paper. The general circuit structure is shown in y * (C - {0' 1}
(a) and the structure for a single qubit is highlighted in (b). In both, a ) ~
feature vector x is encoded into a quantum state p, via a “state prepa- ~ [~] 0 if Tr [Hg px] > 1 / 2
ration” unitary S,. The encoded state p, then evolves to U p, U™ =: p, = . . .
where U () is a unitary Ansatz with trainable parameters a. A single Y1Px 1 otherwise decision bounda ry

qubit of the evolved state p, is measured to yield a predicted label
for the vector x.
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Noise in Quantum System

 (Error) Errors occur on a qubit when its evolution differs from the desired one.
This difference can occur due to imprecise control or by interaction of the qubit
with an environment.

Everything external to the qubit of interest

* (Quantum Channel) Formal description of how qubits are affected by their
environment.

* (Pauli Channel) The Pauli channel maps a single qubit state p to 8p(p) defined by
E,(p) = p1p + pxXpX + pyYpY + pzZpZ, where p; + px + py +pz = 1.

* (Depolarizing Channel) Pauli Channel with py = py = p; =pandp; =1 — 3p.
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Robust Data Encoding

* (The effect of noise) Noise shifts data points on the Bloch sphere

* (Robust Data Point) Let £ be a quantum channel, and consider a (binary)
quantum classifier with the decision rule y. We say that the state p,, € D,,
encoding a data point x € X is a robust point of the quantum classifier iff

yIE(py)] = V[px| where py. is evolved state by U.

YIE(UEL(p)))] = YIPx]

* (Robust Data Set) The set of robust data points, or simply robust data set is
R(EE,y) ={x € X : y[E(Px)] = V[Px]}
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Robust Data Encoding

Initial decision boundary Noise effect :
Based on embedding QNN evolved robust points decision boundary is shifted
(@ © \ [ ©
L1 Pay Pzy 7 P Pzy = E(Pay)
Al pos Pos 1 o il RS T
24+ Pas P > B : g > E(fas)
\ T E(x) = pa } \ pa > Ulpz) = pa ) \ pz — E(Pa) ),

FIG. 3. Cartoon illustration of robust points for a single qubit classifier. In panel (a), input training data points x; with classes y; €
{yellow, blue} are mapped into quantum states p,, according to some encoding function E. The dashed line through the Bloch sphere indicates
the initial decision boundary. Points with a green outline are classified correctly, while points with a red outline are misclassified. In (b), data
points are processed by the QNN with optimal unitary parameters (after minimizing a cost function to find such parameters). For clarity, we
keep data points fixed and adjust the location of the decision boundary, which is now rotated to correctly classify more points (fewer points
with red outlines). In (¢), a noise process £ occurs which shifts the location of the final processed points (or location of decision boundary),
causing some points to be misclassified. The set of points which maintain the same classification in (b) and (c) are the robust points. Example
points x; and x, are correctly classified in (a) and (b) then misclassified in (c) due to the noise. Example point x5 is incorrectly classified in (a),
correctly classified in (b) after propagating through the QNN, and remains correctly classified in (c).
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Robust Data Encoding

e (Completely Robust Data Encoding)
We say that E is a completely robust data encoding for the quantum classifier
iff R(E,E, V) = X.
But, in practice, the robustness is determined relative to the training set.
Therefore, we empirically observe that E is a completely robust data encoding for

the quantum classifier iff R(E,E, V) = {xi}{-‘il.

* (Partially Robust Data Encoding)
We say that E is a partially robust data encoding for the quantum classifier iff

R(EE,Y) c X.
For 0 < § <1, we say that E is a 6-robust data encoding iff | R(E,E, V)| = 6M

62



Robust Data Encoding

Theorem 1. Let 55 be a Pauli channel (19) and consider
a quantum classifier on data from the set X'. Then, for any
encoding E : X — D,, we have complete robustness

R(E.E.9) =X
it px + py < 1/2. (Recall that p = [py, px, py, pz].)

quantum channel £, and decision rule § defined in (5), there

Theorem 6. Given a data point x € X, a trace-preserving

exists an encoding E such that

JIEE (x))] = JLIE(x)].

(63)
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Ansatz
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- =gt =TO| M ZHEEO| (5L Ansatz) = Ol =X EXHE =7
f{ot0 1 5liofl CHot] M= 72 O L. (-r|7|lL| C|Of)

* “Ansatz” : A trial or approximation of the form of the wavefunction that
describes a quantum system. The goal of employing an ansatz is to simplify the
mathematical description of a guantum state or a quantum algorithm by making
a reasonable guess about the structure of the wavefunction. (ChatGPT)

e “Ansatz Circuit” : The core component of circuit-based quantum machine
learning models is a parameterized quantum circuit called ansatz.
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Parameterized Quantum

* Parameters are encoded into a unitary U(0)
that is applied to the input state,

Uu@) =U,(8.) - Uy(8,) with
LQ(HL)==IInQe'i9"Jﬂ"VKn.

Here, W, is an unparameterized unitary and
H,, is a Hermitian operator

Circuit

) ( N\ ™ )
u(e) u,0) u,0,) u,,)
_;/_ L J J \ J

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 3 | Schematic diagram of an ansatz. The unitary U(8), with 0 a set of parameters,

can be expressed as a product of L unitaries U(6) sequentially acting on an input
state. As indicated, each unitary U(6) can in turn be decomposed into a sequence
of parameterized and unparameterized gates.

<source: nature reviews 3, 625>

66



Layered Gate Ansatz

* Alayer is a sequence of gates that is repeated. The number of repetitions of a layer forms a
hyperparameter of the variational circuit. The layer can be decomposed into two overall unitaries
A and B.

A(a) B(p)

* Block A contains single-qubit gates applied to every subsystem or wire (qubits). Block B consists of
both single-wire gates as well as entangling gates

Afa) B(p)




Layered Gate Ansatz

A(a) B
— R({a}1) T
— R({a}2)
— | R({a}s) T
—R{a}) —D D

<A parametrized, B fixed>

A(a) B(B)
....... —R({a}h) R({B}3)
....... _R({Oé}z) R({ﬂ}4)
....... _R({@}g) R({ﬂ}l)
....... — R({a}s) R({B}2)

<A parameterized, B parameterized>

B(p)

Rz(B2)

Rz(83)

Sl EscEIRscRU RSl N

Rz(61)

<A fixed, B parametrized>
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Alternating Operator Ansatz

* We use layers of two blocks, but the difference is that here we apply the unitaries representing
the Hamiltonians A and B which are evolved for a short time At.

piA(a) At oiB(B) At

* The idea of this ansatz is based on analogies to adiabatic quantum computing, in which the
system starts in the ground state of A and adiabatically evolves to the ground state of B. Quickly
alternating applications of A and B for very short time At can be used as a heuristic to
approximate this evolution



Tensor Network Ansatz

* Gate sequence inspired by tensor networks. The simplest one is a tree architecture that

consecutively entangles subsets of qubits.

U({0}1)

U({0}s)

U({0}2)

* Another tensor network is based on matrix product states.
The circuit unitaries can be decomposed in different ways,
and their size corresponds to the “bond dimension” of the
matrix product state — the higher the bond dimension, the
more complex the circuit ansatz.

U({0}1)

U({0}2)

U({0}3)
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Hardware efficient (friendly) Ansatz

* The hardware efficient ansatz is a generic name used for ansatzes that are aimed at reducing the
circuit depth needed to implement U(8) when using a given quantum hardware.

* One uses unitaries W, and e ~*¥mHm that are taken from a gate set determined from the
connectivity and interactions specific to a quantum hardware which avoids the circuit depth

overhead arising from translating an arbitrary unitary into the sequence of native gates
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Ansatz Expressibility

* Given the wide range of ansatzes one can use, a relevant question is whether a
given architecture can prepare a target state by optimizing its parameters.

* Two ways to judge the quality of an ansatz: expressibility and entangling
capability

* An ansatz is expressible if the circuit can be used to uniformly explore the entire
space of a quantum state. One way to quantify the expressibility of an ansatz
U(6) is to compare the distribution of states obtained from LI(A) to the
maximally expressive uniform (Haar) distribution of states Uy 4+

AOW) = [ dUhaarU8Ler|ONOI(Uiaar) " — [ dUUSE|0)0I (U™

* A measure of entangling capability for ansatz quantifies the average
entanglement of states produced from randomly sampling the circuit parameter

6.
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