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Quantum/Classical Algorithms
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Classical Full Adder
A B Cin Cout Sum

0 0 0 0 0

0 0 1 0 1

0 1 0 0 1

0 1 1 1 0

1 0 0 0 1

1 0 1 1 0

1 1 0 0 0

1 1 1 1 1

<Classical Full Adder : Circuit (L) and Truth table (R)>
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Quantum Adder

A

B

Cin

SUM

Cout

| ⟩100 | ⟩00 ⟶ | ⟩100 | ⟩10‘1’ + ‘0’ = ‘1’

Main part of Adder
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Quantum Adder

2 à 10 à | ⟩10
3 à 11 à | ⟩11

Part of processing input data
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Quantum Adder
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Classical Genetic Algorithm
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Graph for [[11, 1, 5]] Quantum Graph Code: 
- Adjacency matrix of a simple mathematical graph is  
  embedded into a bit string sequence

[YH et al., Graph for a quantum graph code, QIP 2016] 12



Classical Classifier

• Classification problem : A subclass of supervised learning problems in which a computer model is 
presented with labelled data and asked to learn some pattern.

• For binary classification, the input is a set of labelled feature vectors 𝑥!, 𝑦! !"#
$ where 𝒳 is a 

arbitrary set, 𝑥! ∈ 𝒳 is a feature vector and 𝑦! ∈ {0, 1} is a binary label. 

• Then, given this data, the goal of the learner is to output a rule 𝑓:𝒳 → {0, 1} which accurately 
classifies the data and can be used to make predictions on new data
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Quantum Classifier
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Preliminaries : Terms
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Quantum Register

• Quantum register : 
• An n-qubit quantum register is a quantum system comprising n pure qubits.

• If each quantum system (qubit) s is prepared in the state | ⟩𝜓( , the composite 
system can be described as a tensor product, | ⟩𝜓 =| ⟩𝜓) ⨂| ⟩𝜓* ⨂⋯⨂| ⟩𝜓+,* .
• If the state is not separable, it cannot be represented as a tensor product), it 

is in an entangled state.

| ⟩𝜓 = )
-.)

/!,*

𝑎-| ⟩𝑖 = 𝑎)| ⟩0 + 𝑎*| ⟩1 + ⋯+ 𝑎/!,*| ⟩2+ − 1
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Quantum Data Embeddings
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Feature Map

• Feature Mapping is a technique used in data analysis and machine learning to 
transform input data from a lower-dimensional space to a higher-dimensional 
space, where it can be more easily analyzed or classfied. 
(https://www.geeksforgeeks.org/feature-mapping/)

𝒳 be a set of input data. A feature map 𝜙:𝒳 ↦ ℱ where ℱ is the feature space. The output of the map 𝜙(𝑥) for all 𝑥 ∈ 𝒳 
are called feature vectors.
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Quantum Feature Map

• A quantum feature map 𝜙:𝒳 ↦ ℱ is a feature map where the vector space ℱ is 
a Hilbert space and the feature vectors are quantum states. 
The map transforms 𝑥 ↦ |𝜙 ⟩𝑥 by way of a unitary transformation 𝑈9 𝑥 , which 
is typically a mapping circuit whose parameters depend on the input data.

𝒙, 𝒛

Mapping circuit depends on parameters and encoding method.

feature vector
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Quantum Data Embedding (or Encoding)

• Quantum Data Embedding: 
• Process to load classical data onto a quantum system

• Two categories:
• Digital : classical data à qubit strings, *=∑>.*

= | ⟩𝑥 𝑚
• Analog : classical data à amplitude of a quantum state, ∑-.*? 𝑥-| ⟩𝑖 with 
∑ 𝑥- / = 1

𝑥 ↦ | ⟩𝜓 𝑥

20



Quantum Data Embedding

• Guide to select an embedding method:
1) Data must be represented properly for main 

computations
• Digital for arithmetic computation
• Analog for machine learning tasks

2) #qubits should be minimal
3) #parallel operations should be minimal 

(to reduce the circuit width)

<Circuit of quantum adder>

<source: cisco.com>

Constraints of current HW
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Basis Encoding

• Basis encoding transforms a bit string into a quantum state on a computational 
basis. It is primarily used when real numbers have to be arithmetically 
manipulated in a quantum algorithm.
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Basis Encoding
PennyLane Example

23



Basis Encoding

3.1. REPRESENTING DATA IN QUANTUM COMPUTERS 33

kets to represent generically quantum states |𝜓⟩, |𝜙⟩, |𝜑⟩, etc…, and use Latin
letters to represent quantum registers holding classical data interpreted as bit-
strings. The precision that we can use for specifying the amplitude of a quantum
state might be limited - in practice - by the precision of our quantum computer
in manipulating quantum states (i.e. development in techniques in quantum
metrology and sensing). Techniques that use a certain precision in the ampli-
tude of a state might suffer of initial technical limitations of the hardware. The
precision in the manipulation could be measured, for instance, by the fidelity,
but discussing this subject is out of scope for this work.

3.1.1 Numbers and quantum arithmetics
Number can be stored as binary encoding: each bit of a number is encoded in
the state of a single qubit. Let’s start with the most simple scalar: an integer.
Let 𝑥 ∈ ℕ. To represent it on a quantum computer, we consider the binary
expansion of 𝑥 as a list of 𝑚 bits, and we set the state of the 𝑖-th qubit as the
value of the 𝑖-th bit of 𝑥:

|𝑥⟩ = 𝑚⨂𝑖=0 |𝑥𝑖⟩ (3.1)

Eventually, we can use one more qubit for the sign. In most of the cases, we want
to work also with non-integer numbers. Real numbers can be approximated with
decimal numbers with a certain bits of precision. For this, we need a bit to store
the sign, some bits to store the integer part, and some other bits to store the
decimal part. This is more precisely stated in the following definition.

Definition 3.1 (Fixed-point encoding of real numbers (Rebentrost et al.,
2021)). Let 𝑐1, 𝑐2 be positive integers, and 𝑎 ∈ {0, 1}𝑐1 , 𝑏 ∈ {0, 1}𝑐2 , and𝑠 ∈ {0, 1} be bit strings. Define the rational number as:𝒬(𝑎, 𝑏, 𝑠) ∶= (−1)𝑠 (2𝑐1−1𝑎𝑐1 + ⋯ + 2𝑎2 + 𝑎1 + 12𝑏1 + ⋯ + 12𝑐2 𝑏𝑐2) ∈ [−𝑅, 𝑅],

(3.2)
where 𝑅 ∶= 2𝑐1 − 2−𝑐2 . If 𝑐1, 𝑐2 are clear from the context, we can use the
shorthand notation for a number 𝑧 ∶= (𝑎, 𝑏, 𝑠) and write 𝒬(𝑧) instead of 𝒬(𝑎, 𝑏, 𝑠).
Given an 𝑛-dimensional vector 𝑣 ∈ ({0, 1}𝑐1 × {0, 1}𝑐2 × {0, 1})𝑛 the notation𝒬(𝑣) means an 𝑛-dimensional vector whose 𝑗-th component is 𝒬(𝑣𝑗), for 𝑗 ∈ [𝑛].
It might seem complicated, but it is really the (almost) only thing that a rea-
sonable person might come up with when expressing numbers as (qu)bits with
fixed-point precision. In most of the algorithms we implicitly assume this (or
equivalent) models. Stating clearly how to express numbers on a quantum com-
puter as fixed point precision is important: we want to work a model where
we can represent numbers with enough precision so that numerical errors in the
computation are negligible and will not impact the final output of our algorithm.

00010.1102
= 1×2𝟏 + 1×2"𝟏 + 1×2"𝟐
= 2 + 0.5 + 0.25
= 2.75

000.101102
= 1×2"𝟏 + 1×2"𝟑 + 1×2"𝟒
= 0.5 + 0.125 + 0.0625
= 0.6875

Negative number based on 2’s complement (2의보수):
For 4-bit system:
• 0000 ~ 0111 : 0 ~ 7
• 1000 ~ 1111 : -8 ~ -1

Fixed-Point Encoding of Real Number
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QuAM (Q-Associative Memory)

• QuAM encoding is based on superposition to encode a set of data in a qubit 
register of the same length. It requires a binary representation of all equally long 
values, or we need to pad the register with zeros. 

25



Angle Encoding (Tensor Product Encoding)

• The n classical features are encoded into the rotation angle of the n qubits.
• This encoding requires n qubits to represent n-dimensional data, but is cheaper 

to prepare in complexity (constant circuit depth): it requires one rotation on each 
qubit 𝑅I(𝑣) or 𝑅J(𝑣) for the value v to encode.

uses superposition to encode a set of data points in a qubit
register of the same length (assuming that the binary repre-
sentation of all values is equally long or padded with zeros).
QUANTUM RANDOM ACCESS MEMORY ENCODING needs ⌈ log n⌉
additional qubits to represent the same data. Even more
compact is the representation of data in AMPLITUDE ENCODING

for which only ⌈ log n⌉ qubits are needed. However, for an
arbitrary data set, the last three encodings of Table 1 cannot
be realised efficiently; that is in a constant or logarithmic
number of parallel operations. While BASIS ENCODING and
ANGLE ENCODING are not efficient in terms of required
qubits, they can be realised in constant time (one single parallel
operation). Further details and consequences of the encod-
ings listed in Table 1 can be found in the corresponding
patterns.

Alias:QubitEncoding [34], (Tensor)ProductEncoding [35].
Context: An algorithm requires an efficient encoding

schema to be able to perform as many operations as possible
within the decoherence time after the data has been loaded.
Solution: First, normalise all data‐points that should be

encoded to the interval
h
0; π2
i

[34]. Each value xi is then
represented by a single qubit as follows (Figure 5): a rota-
tion around the y‐axis of the Bloch Sphere (refer to Figure 2) is
applied. Hereby, the angle for the rotation depends on the data
value (see Section 2.3 for a more detailed description of the
operation).
Result: The resulting quantum state for this encoding is

separable, that is, the qubits are not entangled:

jψ〉à
✓
cosx0
sinx0

◆
⊗
✓
cosx1
sinx1

◆
⊗ … ⊗

✓
cosxn
sinxn

◆
Ö4Ü

The main advantage of this encoding is that it is very
efficient in terms of operations: Only a constant number of
parallel operations is needed regardless of how many data
values need to be encoded [34]. However, the number of data
values affects how many qubits are needed: One qubit is
required to encode one component of the input vector. Thus,
as only single‐qubit rotations are required the state preparation
is efficient while the number of qubits for this encoding is not
optimal [36].
Related Patterns: This pattern further refines STATE

PREPARATION.

Variants: The authors in [34] present dense angle encoding
as an alternative encoding that exploits an additional property
of qubits (relative phase) to use only n2 qubits to encode n data
points.
Known Uses: The authors in [34, 36] present a classifier

based on this encoding. The encoding is also used in quantum
image processing: In the so‐called flexible representation of a
quantum image, one qubit represents the colour information
of a pixel, whereas another register represents the position
[37]. In the context of quantum neural networks, a qubit using
this encoding has been referred to as a quantum neuron
(quron) [38]. PennyLane provides a state preparation method
for angle encoding [39] for which the axis of the rotation can
be specified (x, y, or z). If no loading routine is provided, this
encoding can be prepared with standard qubit rotations in a
straightforward manner [35].

Context: An algorithm requires random access to the data
values of the input.
Solution: A classical RAM that receives an address with a

memory index, loads the data stored at this address into an
output register. Quantum random access memory provides the
same functionality, but the address and output register
are quantum registers [8]. As a result, both the address and the
output register can be in a superposition of multiple values.
Figure 6 illustrates the basic functionality of a QRAM [26] that
receives a superposition of the first two addresses✓

1ÅÅ
2
p j00〉á 1ÅÅ

2
p j01〉

◆
as input and loads the corresponding

data values into an empty output register. This leads to the
following state of the overall quantum system:

jψ〉à 1ÅÅÅ
2
p j00〉j000〉á 1ÅÅÅ

2
p j01〉j110〉 Ö5Ü

In general, loading m of n data values with a QRAM can,
therefore, be described as the following operation [9]:

F I GURE 5 Quantum circuit for loading data in ANGLE ENCODING

based on Leymann and Barzen [35]

F I GURE 6 Basic functionality of a quantum random access memory
(QRAM) is based on [8]. Given an address register that is in a superposition
of addresses Öj00〉 and j01〉Ü, QRAM creates a superposition of addresses
and their data values: 1ÅÅ

2
p j00〉j000〉 á 1ÅÅ

2
p j01〉j110〉
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Angle Encoding (Tensor Product Encoding)
PennyLane
Example
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QRAM (Q-Random Access Memory)

• QRAM is used to load a superposition of data values at once. 
• A classical RAM that receives an address with a memory index loads the data at 

the address into an output register. 
• QRAM provides the same functionality, but the address and the output register 

are quantum registers that can be the superposition of multiple values.

uses superposition to encode a set of data points in a qubit
register of the same length (assuming that the binary repre-
sentation of all values is equally long or padded with zeros).
QUANTUM RANDOM ACCESS MEMORY ENCODING needs ⌈ log n⌉
additional qubits to represent the same data. Even more
compact is the representation of data in AMPLITUDE ENCODING

for which only ⌈ log n⌉ qubits are needed. However, for an
arbitrary data set, the last three encodings of Table 1 cannot
be realised efficiently; that is in a constant or logarithmic
number of parallel operations. While BASIS ENCODING and
ANGLE ENCODING are not efficient in terms of required
qubits, they can be realised in constant time (one single parallel
operation). Further details and consequences of the encod-
ings listed in Table 1 can be found in the corresponding
patterns.

Alias:QubitEncoding [34], (Tensor)ProductEncoding [35].
Context: An algorithm requires an efficient encoding

schema to be able to perform as many operations as possible
within the decoherence time after the data has been loaded.
Solution: First, normalise all data‐points that should be

encoded to the interval
h
0; π2
i

[34]. Each value xi is then
represented by a single qubit as follows (Figure 5): a rota-
tion around the y‐axis of the Bloch Sphere (refer to Figure 2) is
applied. Hereby, the angle for the rotation depends on the data
value (see Section 2.3 for a more detailed description of the
operation).
Result: The resulting quantum state for this encoding is

separable, that is, the qubits are not entangled:

jψ〉à
✓
cosx0
sinx0

◆
⊗
✓
cosx1
sinx1

◆
⊗ … ⊗

✓
cosxn
sinxn

◆
Ö4Ü

The main advantage of this encoding is that it is very
efficient in terms of operations: Only a constant number of
parallel operations is needed regardless of how many data
values need to be encoded [34]. However, the number of data
values affects how many qubits are needed: One qubit is
required to encode one component of the input vector. Thus,
as only single‐qubit rotations are required the state preparation
is efficient while the number of qubits for this encoding is not
optimal [36].
Related Patterns: This pattern further refines STATE

PREPARATION.

Variants: The authors in [34] present dense angle encoding
as an alternative encoding that exploits an additional property
of qubits (relative phase) to use only n2 qubits to encode n data
points.
Known Uses: The authors in [34, 36] present a classifier

based on this encoding. The encoding is also used in quantum
image processing: In the so‐called flexible representation of a
quantum image, one qubit represents the colour information
of a pixel, whereas another register represents the position
[37]. In the context of quantum neural networks, a qubit using
this encoding has been referred to as a quantum neuron
(quron) [38]. PennyLane provides a state preparation method
for angle encoding [39] for which the axis of the rotation can
be specified (x, y, or z). If no loading routine is provided, this
encoding can be prepared with standard qubit rotations in a
straightforward manner [35].

Context: An algorithm requires random access to the data
values of the input.
Solution: A classical RAM that receives an address with a

memory index, loads the data stored at this address into an
output register. Quantum random access memory provides the
same functionality, but the address and output register
are quantum registers [8]. As a result, both the address and the
output register can be in a superposition of multiple values.
Figure 6 illustrates the basic functionality of a QRAM [26] that
receives a superposition of the first two addresses✓

1ÅÅ
2
p j00〉á 1ÅÅ

2
p j01〉

◆
as input and loads the corresponding

data values into an empty output register. This leads to the
following state of the overall quantum system:

jψ〉à 1ÅÅÅ
2
p j00〉j000〉á 1ÅÅÅ

2
p j01〉j110〉 Ö5Ü

In general, loading m of n data values with a QRAM can,
therefore, be described as the following operation [9]:

F I GURE 5 Quantum circuit for loading data in ANGLE ENCODING

based on Leymann and Barzen [35]

F I GURE 6 Basic functionality of a quantum random access memory
(QRAM) is based on [8]. Given an address register that is in a superposition
of addresses Öj00〉 and j01〉Ü, QRAM creates a superposition of addresses
and their data values: 1ÅÅ

2
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2
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Amplitude Encoding

• Data is encoded into the amplitudes of a quantum state. This encoding requires 
log2(n) qubits to represent an n-dimensional data.

norm factor: 6& + (−12.5)&+11.15& + 7& 29



Amplitude Encoding
PennyLane
Example
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Dense Angle Encoding (PRA 102, 032420)

• Given a feature vector 𝑥 = 𝑥*, 𝑥/, ⋯ , 𝑥? M ∈ ℝ?, 
the dense angle encoding maps 𝑥 ↦ 𝐸(𝑥) given by

| ⟩𝑥 =⊗-.*
⁄? / cos(𝜋𝑥/-,*) | ⟩0 + 𝑒/O-I#" sin(𝜋𝑥/-,*) | ⟩1

ROBUST DATA ENCODINGS FOR QUANTUM CLASSIFIERS PHYSICAL REVIEW A 102, 032420 (2020)

FIG. 1. A common architecture for a binary quantum classifier
that we study in this paper. The general circuit structure is shown in
(a) and the structure for a single qubit is highlighted in (b). In both, a
feature vector x is encoded into a quantum state ρx via a “state prepa-
ration” unitary Sx. The encoded state ρx then evolves to UρxU † =: ρ̃x

where U (α) is a unitary Ansatz with trainable parameters α. A single
qubit of the evolved state ρ̃x is measured to yield a predicted label ŷ
for the vector x.

ρx ∈ Dn via a state preparation unitary Sx (see Fig. 1 ).
Throughout the paper, we use Dn ⊂ C2n×2n

to denote the
set of density operators (matrices) on n qubits. We remark
that each x in the training set leads to a (unique) Sx, so the
state preparation unitary can be considered a parameterized
family of unitary Ansätze. We discuss encodings in detail in
Sec. II B.

For the processing step (2), there have been many proposed
QNN architectures in recent literature, including quantum
convolutional neural networks [64,65], strongly entangling
Ansätze [33], and more [35,66]. In this paper, we allow for
a general unitary evolution U (α) such that

ρ̃x = U (α)ρxU †(α). (4)

We remark that some QNN architectures involve intermediate
measurements and conditional processing (notably, Ref. [64])
and so do not immediately fit into (4). Our techniques for

FIG. 2. A visual representation of data encoding (7) for a sin-
gle qubit. On the left is shown a set of randomly generated points
{xi, yi}M

i=1 normalized to lie within the unit square, (xi = [x1,i, x2,i]T ),
separated by a true decision boundary shown by the dashed black
line. A data encoding maps each xi ∈ R2 to a point on the Bloch
sphere ρxi ∈ C2, here using the dense angle encoding (14). The
dashed black line on the Bloch sphere shows the initial decision
boundary of the quantum classifier. During the training phase, unitary
parameters are adjusted to rotate the dashed black line to correctly
classify as many training points as possible. Different data encodings
lead to different learnable decision boundaries and different robust-
ness properties, as discussed in the main text.

showing robustness could be naturally extended to such
architectures, however, and so we consider (4) as a simple
yet general model. We also note that training the classifier via
minimization of a well-defined cost function is an important
task with interesting questions, but we primarily focus on data
encodings and their properties in this paper. For this reason,
we often suppress the trainable parameters α and write U for
U (α).

Finally, the remaining step is to extract information from
the state ρ̃x to obtain a predicted label. As mentioned, a natural
method for doing this is to measure a single qubit which
yields a binary outcome 0 or 1 taken as the predicted label ŷ.
Since measurements are probabilistic, we measure Nm times
and take a majority vote. That is, if 0 is measured N0 times
and N0 ! Nm/2, we take 0 as the class prediction, otherwise
1. Generalizing the finite statistics,3 this condition can be
expressed analytically as

ŷ[ρ̃x] =
{0 if Tr["c

0ρ̃x] ! 1/2
1 otherwise, (5)

where

"c
0 := |0〉〈0|c ≡ |0〉〈0|c ⊗ Ic̄ (6)

is the projector onto the ground state of the classification
qubit, labeled c, and the remaining qubits are labeled c̄. For
brevity, we often omit these labels when it is clear from
context. Throughout the paper, we use ŷ for predicted labels
and y for true labels, and we refer to (5) as the decision rule
for the classifier. Equation (5) is not the only choice for such
a decision rule. In particular, one could choose a different
“weight” λ such that ŷ = 0 if Tr["0ρ̃x] ! λ as in Ref. [36],
add a bias to the classifier as in Ref. [33], or measure the
classification qubit in a different basis (e.g., the Hadamard
basis instead of the computational basis).

Our techniques for showing robustness (Sec. III C) could
be easily adapted for such alternate decision boundaries.

The preceding discussion is summarized in the following
formal definition of a quantum classifier.

Definition 1 (Quantum classifier). A (binary) quantum
classifier consists of three well-defined functions:

(i) an encoding function

E : X → Dn, (7)

E (x) = ρx, (8)

(ii) a function which evolves the state

U : C2n×2n → C2m×2m
, (9)

U (ρx) = ρ̃x, (10)

and (iii) a decision rule:

ŷ : C2m×2m → {0, 1}. (11)

3We discuss details arising from finite statistics in Sec. III D. The
results we prove can be easily modified to incorporate finite statistics
as shown in this section, but they are simpler to state in terms of
probabilities.

032420-3

<Visual representation of data encoding for a single qubit, PRA 102, 032420>

This encoding exploits an additional property of qubits (relative phase) to use the only n/2 qubits 
to encode n data points
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General Qubit Encoding (PRA 102, 032420)

• Given a feature vector 𝑥 = 𝑥-, 𝑥., ⋯ , 𝑥/ 0 ∈ ℝ/, 
the general qubit encoding maps 𝑥 ↦ 𝐸(𝑥) given by

| ⟩𝑥 =⊗12-
⁄/ . 𝒇𝒊 𝒙𝟐𝒊6𝟏, 𝒙𝟐𝒊 | ⟩0 + 𝒈𝒊(𝒙𝟐𝒊6𝟏, 𝒙𝟐𝒊)| ⟩1 ,

where 𝑓, 𝑔 ∶ ℝ×ℝ → ℂ are such that 𝑓1 . + 𝑔1 . = 1.
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Qsample Encoding

• Qsample encoding is a method to connect a concept of probability distribution of 
a discrete random variable to a quantum state.
• Assume there is a PMF of random variable 𝑋 as Pr 𝑋 = 𝑖 = 𝑝-. Any discrete 

random variable could be represented like it by indexing the events. For them, we 
define a quantum state | ⟩𝜓 = ∑-.*? 𝑝-| ⟩𝑖 .
• Joint probability of random variables:

• | ⟩𝑥 = ∑!"#% Pr(𝑋 = 𝑖)| ⟩𝑖 and | ⟩𝑦 = ∑!"#% Pr(𝑌 = 𝑗)| ⟩𝑗
• | ⟩𝑥, 𝑦 = ∑!,'"#% Pr(𝑋 = 𝑖)Pr(𝑌 = 𝑗)| ⟩𝑖 | ⟩𝑗 if two variables are independent.

• | ⟩𝑥, 𝑦 = ∑!,'"#% Pr(𝑋 = 𝑖, 𝑌 = 𝑗) | ⟩𝑖 | ⟩𝑗 if two variables are dependent each other.
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Hamiltonian Encoding (Matrix Encoding)

• This encoding encodes the data into the operator. 
A matrix 𝐴 has to be represented as an operation on a quantum computer.

• If 𝐴 is not Hermitian, encode 𝐻 = 𝑂 𝐴
𝐴P 𝑂 instead of 𝐴.

• To make the matrix as a unitary matrix, we use a matrix exponential as 𝑒,-QR.
• Since any unitary matrix 𝐴 can be decomposed with Pauli gates such as 𝐴 = 𝛼𝐼 +
𝛽𝑋 + 𝛿𝑌 + 𝛾𝑍 based on a real vector (𝛼, 𝛽, 𝛿, 𝛾).
• Then, we can develop the unitary evolution as follows,
𝑒-QR = 𝑒-(STUVWUXYUZ[)R = 𝑒-SRT Y 𝑒-VRW Y 𝑒-XRY Y 𝑒-ZRY = 𝑅I(𝛽𝑡)𝑅Y(𝛿𝑡)𝑅[(𝛾𝑡).
• We can express any unitary evolution by three rotation operators.

34𝑒'() = cos(𝑥) 𝐼 + 𝑖 sin(𝑥) 𝐴 when 𝑥	𝑖𝑠	𝑟𝑒𝑎𝑙	𝑎𝑛𝑑	𝐴& = 𝐼



Hamiltonian Encoding (Matrix Encoding)

• However, in reality, the circuit identity cannot be established because the 
commutativity rule does not hold for matrices, That is, 𝐴𝐵 ≠ 𝐵𝐴 so 𝑒QUl ≠
𝑒Q𝑒l.
• This can be overcome by applying Trotter Suzuki formula,

For large enough 𝑟, the equation holds 𝑒,- m$Um# ≈ 𝑒 ⁄,-m%R n𝑒 ⁄,-m&R n n
.

• The hamiltonian encoding method is densely connected with Physics. Therefore, 
various physical algorithms including VQE and QAOA are developed with 
hamiltonian encoding.
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measurement pattern. An excerpt of all patterns can also be
found online at Quantum Computing Patterns3.

3.1 | Method

Patterns are abstracted from existing solutions [14]. The pat-
terns presented here and in previous publications [13, 31] were
identified using the pattern authoring process of Fehling et al.
[19], which we also describe in [13]. First, we analysed scientific
publications, books, and technical documentation to collect re‐
occurring solutions. If we found at least three occurrences
(Coplien's rule [32]) of a pattern candidate, we authored a
pattern. For loading data, a proven solution is a specific data
encoding used in various quantum algorithms. Note that given
the current state of the art of quantum computing, we do not
require a concrete implementation. Instead, we focus on
authoring patterns for writing and understanding quantum
algorithms. However, in future work, the patterns should be
validated further in real applications.

3.2 | Pattern format

Depending on the domain, pattern authors use different for-
mats for their patterns. Here, we use the pattern format of our
previous work [13] that was based on the existing format of
Fehling et al. [33]. Each pattern is introduced by a Name and
an Icon that serves as a graphical representation of the pattern.
Next to the icon, we denote the Intent that briefly summarises
the purpose of the pattern. If the pattern is also known under
different names, these are listed as an Alias. Then, the problem
and the circumstances of the pattern are described in the
Context section before the Forces are presented. The forces are
trade‐offs or considerations that must be taken into account
for solving the problem. The Solution itself is described in an
abstract manner and often visualised by a Solution Sketch.
Consequences of the solution are described as the Result of
the solutions. This is followed by an optional section for
Variants of the pattern. As patterns are often applied in
combination or solve similar problems, we describe the con-
nections between them in the Related Patterns section. Finally,
we list Known Uses of the pattern. For encoding patterns,
algorithms that use the encoding and state preparation
methods are listed here. Additionally, concrete implementa-
tions of these algorithms can also be referred to in this section.

3.3 | Data encoding and state preparation
patterns

Data encodings for quantum computing define how data is
represented by the state of a quantum system. Data encoding

patterns (of which an overview is given in Table 1) describe a
particular encoding as a trade‐off between three major forces:

(i) The number of qubits needed for the encoding should be
minimal because current devices are of intermediate size
and thus only contain a limited number of qubits.

(ii) The number of parallel operations needed to realise the
encoding should be minimal to minimise the width of the
quantum circuit—ideally, the loading routine is of con-
stant or logarithmic complexity

(iii) The data must be represented in a suitable manner for
further calculations, for example, arithmetic operations.

Each of these patterns further refines STATE PREPARATION,
a pattern of previous work [31] that describes the first phase at
the beginning of an algorithm (see Figure 4). Each encoding
pattern introduces or references a suitable state preparation
method. As an alternative, a state preparation method for
preparing an arbitrary quantum state can be used. The SCHMIDT

DECOMPOSITION pattern describes one general approach for
creating an arbitrary quantum state.

Table 1 gives an overview of the data encoding patterns
presented in this work (marked in bold) as well as previous [13]
encoding patterns. While the encodings of the first two pat-
terns define how a single numerical data‐point xi is encoded,
the three other patterns describe how a set X of n data‐points
can be represented. The representation of data in BASIS

ENCODING is also part of two other encodings (QUAM and
QRAM ENCODING). Therefore, we explain this pattern in more
detail before we present the patterns ANGLE ENCODING,
QRAM ENCODING, and SCHMIDT DECOMPOSITION in detail.
Since we listed forces for data encoding patterns above, we
omit them in the descriptions of ANGLE and QRAM ENCOD-

ING. For a BASIS ENCODING of a numerical data‐point, its value
is first approximated by its binary representation. The resulting
bitstring bm…b−k is then encoded by the |bm…b−k〉 state.
Therefore, every bit of its bitstring is represented by a single
qubit. Thus, BASIS ENCODING is not efficient in terms of the
required number of qubits. In comparison, QUAM ENCODING

TABLE 1 Comparison of data encoding patterns. For the QUANTUM

RANDOM ACCESS MEMORY (QRAM) ENCODING, we assume that all n data
points are loaded

3
https://quantumcomputingpatterns.org/
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Many quantum algorithms, such as the Harrow-Hassidim-Lloyd (HHL) algorithm, depend on oracles that
efficiently encode classical data into a quantum state. The encoding of the data can be categorized into two
types: analog encoding, where the data are stored as amplitudes of a state, and digital encoding, where they are
stored as qubit strings. The former has been utilized to process classical data in an exponentially large space
of a quantum system, whereas the latter is required to perform arithmetics on a quantum computer. Quantum
algorithms such as HHL achieve quantum speedups with a sophisticated use of these two encodings. In this
work, we present algorithms that convert these two encodings to one another. While quantum digital-to-analog
conversions have implicitly been used in existing quantum algorithms, we reformulate it and give a generalized
protocol that works probabilistically. On the other hand, we propose a deterministic algorithm that performs a
quantum analog-to-digital conversion. These algorithms can be utilized to realize high-level quantum algorithms
such as a nonlinear transformation of amplitudes of a quantum state. As an example, we construct a “quantum
amplitude perceptron,” a quantum version of the neural network that hence has a possible application in the area
of quantum machine learning.

DOI: 10.1103/PhysRevA.99.012301

I. INTRODUCTION

A wide variety of quantum algorithms that potentially
give quantum speedups over classical computers has been
proposed. The problems that are efficiently solved by existing
quantum algorithms can be divided into two types: those
where input data of a problem is relatively small in size but
the problem itself is hard classically, and those where the
input of a problem is exponentially large, making it hard
to handle on classical computers. The former are solved by
algorithms such as Shor’s factoring [1] or by quantum chem-
istry calculations [2]. On the other hand, there are algorithms
that solve problems categorized as the latter. They achieve
quantum speedups only if an oracle that encodes N classical
data in O[poly(log2 N )] time exists [3]. A famous example
is the Harrow-Hassidim-Lloyd (HHL) algorithm [4], which is
an algorithm to apply an inverse A−1 of a matrix A to a (N =
2n)-dimensional vector {cj }Nj=1. It requires us to construct a
quantum state,

N∑

j=1

cj |j 〉, (1)

where {cj }Nj=1 is normalized to satisfy
∑N

j=1 |cj |2 = 1. Data
encoding in the format of Eq. (1) is crucial for all HHL-
based algorithms [5–8] and others [9,10]. We will call the

*mitarai@qc.ee.es.osaka-u.ac.jp
†fujii.keisuke.2s@kyoto-u.ac.jp

state of Eq. (1) an “analog-encoded” state since data are
encoded into analog quantities, that is, complex amplitudes of
a quantum state. Here we define an analog-encoding unitary
transformation UA({cj }) by

UA({cj })|0〉 =
∑

j

cj |j 〉. (2)

Another approach is to encode m bits of binary data into
qubit strings. Let N and dj = {d (k)

j }mk=1 (d (k)
j = 0, 1, j =

1, . . . , N ) be the number of binary data provided and the data
bit strings. In this approach, data are encoded as follows:

1√
N

N∑

j=1

|j 〉|dj 〉 = 1√
N

N∑

j=1

|j 〉
∣∣d (m)

j · · · d (1)
j

〉
. (3)

We will call this state a “digital-encoded” state. For example,
quantum algorithms for solving semidefinite programs (SDPs)
[11,12] depend on this encoding. Similarly to an analog-
encoding unitary transformation, we define a digital-encoding
unitary transformation by

UD ({d j })|j 〉|0〉 = |j 〉|dj 〉. (4)

UD is often called quantum random access memory (QRAM).
References [13,14] have provided a protocol which employs
qutrits to speed up a memory call to O(log2

2 N ) two-body
interaction gates. Their method is promising compared to a
conventional method that requires O(N ) operations. It might
be worth noting that in the context of QRAM, it is usually
assumed that we already have “memory cells” which store

2469-9926/2019/99(1)/012301(8) 012301-1 ©2019 American Physical Society
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FIG. 1. (a) Schematic sketch of analog encoding and digital
encoding. QDAC and QADC mediate these two encodings. (b) A
brief flowchart of the HHL algorithm [4]. {|aj 〉} denote eigenvectors
of a Hermitian matrix A, each corresponding to eigenvalues {λj }. χj

are complex numbers such that
∑N

j=1 xj |j〉 =
∑N

j=1 χj |aj 〉.

data in the form accessible from a quantum computer. The
O(log2

2 N ) operations do not include the construction of them.
Many quantum algorithms sophisticatedly use these two

types of encodings. For example, in the HHL algorithm [4],
an analog-encoded state given by Eq. (1) is put through a
quantum phase estimation algorithm that digitally encode
eigenvalues {λj } of a matrix A, and then the inverse of
them is multiplied to the amplitudes by controlled rotations
[Fig. 1(b)]; in quantum Metropolis sampling [15], energy
eigenvalue {Ej } of a Hamiltonian is first digitally encoded
by the phase estimation and then the encoded energies are
transferred to amplitudes in the form of e−β(Ej −Ek ), again
using controlled rotations.

In this paper, we investigate the relation between these
two different encoding methods. Specifically, we concentrate
on conversions between these two encodings; can you go
from digital encoding to analog encoding [quantum digital-to-
analog conversion (QDAC)] or the other way around [quan-
tum analog-to-digital conversion (QADC)]? DAC and ADC
play important roles in classical information processing since
digitally stored data are easier to handle than analog data,
which physical systems generate and are driven by. QDAC
and QADC can be regarded as quantum analogs of them,
and therefore there is a possibility that they stimulate the
construction of more sophisticated quantum algorithms.

First, we formulate these problems. It is shown that QDAC
can be implemented probabilistically and QADC determinis-
tically. A special case of QDAC, in fact, has implicitly been
employed in existing algorithms such as HHL and quantum
Metropolis samplings. We unify those techniques and give a
generalized procedure. QDAC and QADC algorithms provide
an insight into what should be done in digital or analog encod-
ings. Also, as an application, we show that a QADC-QDAC

combined method can be utilized to perform almost arbitrary
nonlinear transformations of amplitudes of a quantum state.
This result can be utilized, for example, for a purpose of
constructing quantum machine-learning algorithms.

This paper is organized as follows. First, in Sec. II, we sum-
marize the algorithms we use as subroutines and define the
QADC and QDAC problem. In Sec. III, we review the QDAC
procedures that have implicitly been utilized in existing al-
gorithms. We also present the generalized QDAC procedure.
Then, in Sec. IV, we present an algorithm to perform QADC.
In Sec. V, we provide applications of QADC and show that
QADC combined with QDAC provides a way to perform a
nonlinear transformation of amplitudes of a quantum state.

II. PRELIMINARY

Here we summarize some useful results from existing
works along with definitions of terms. Throughout this paper,
N = 2n denotes the number of data.

Fact 1. Analog-encoding unitary [16,17]. For given
classical data {xj }Nj=1 ∈ RN such that

∑N
j=1 x2

j = 1, a
binary-tree-like classical data structure can be constructed
in time O(N log2

2 N ) on a classical computer. With
this structure, there exists a quantum algorithm that
constructs an analog-encoding unitary UA({xj }Nj=1) with
O[log2 Npoly(log2 log2 N )] single- and two-qubit gates.

We use the phase-estimation algorithm stated below as a
key ingredient of our QADC algorithm.

Fact 2. Phase estimation [18]. Let U be a unitary op-
erator acting on M-qubit Hilbert space with eigenstates
{|ψj 〉}2M

j=1 and corresponding eigenvalues {e2π iφj }2M

j=1, where
φj ∈ [0, 1). Let ε = 2−m for some positive integer m. There
exists a quantum algorithm, which consists of O(1/ε)
controlled-U calls and O[log2

2(1/ε)] single- and two-qubit
gates, that performs transformation

∑2M

j=1 aj |ψj 〉|0〉⊗m →
|ψPE〉 =

∑2M

j=1 aj |ψj 〉|φ̃j 〉, where φ̃j denotes a bit string

φ̃j
(1)

φ̃j
(2) · · · φ̃j

(m) such that |
∑m

k=1 φ̃
(k)
j 2−k − φj | ! ε for all

j with state fidelity at least 1 − poly(ε).
We say that |ψ̃〉 has fidelity 1 − δ with |ψ〉 when

|〈ψ̃ |ψ〉| = 1 − δ. The phase-estimation algorithm can also be
viewed as a digital-encoding unitary transformation, where
the address is replaced by eigenstates of U .

Next we state a version of the amplitude-amplification
technique.

Fact 3. Amplitude amplification [19]. Suppose we have
a unitary operator U that acts on M-qubit Hilbert space as
U |0〉⊗M = α|ψ〉|0〉 + β|G〉|1〉, where |ψ〉, |G〉 are arbitrary
(M − 1)-qubit states. Then, the probability of getting |ψ〉|0〉
can be made close to unity by O(1/|α|) application of U .

We define QDAC as follows.
Definition 1. QDAC. Let {dj }Nj=1 be a set of real numbers in

[0,1), each of which is represented by dj =
∑m

k=1 d
(k)
j 2−k with

binary variables d
(k)
j ∈ {0, 1}. Let dj denote the m-bit string

d
(1)
j · · · d (m)

j . An m-bit QDAC operation transforms digital-

encoded state 1√
N

∑N
j=1 |j 〉|dj 〉 to C

∑N
j=1 dj |j 〉|0〉⊗m, where

C is a normalization constant.
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HHL (Harrow-Hassidim-Lloyd)

• A system of linear equations: 𝐴𝑥 = 𝑏
Given 𝐴 ∈ ℂ+×+ which fulfils certain requirements* and a vector | ⟩𝑏 ∈ ℂ+, find 
| ⟩𝑥 ∈ ℂ+ such that 𝐴| ⟩𝑥 = | ⟩𝑏 . An equivalent formulation of this equation is 
| ⟩𝑥 = 𝐴,*| ⟩𝑏 .
• Due to the spectral theorem, | ⟩𝑏 can be written in terms of the eigenvectors 𝑢-

of 𝐴, | ⟩𝑏 = ∑o.)+,*𝛽o < >𝑢o . Then, the equation is reformulated as

| ⟩𝑥 = )
o.)

+,*

𝜆o,* 𝛽o< >𝑢o .

39The condition number of 𝐴 is low and 𝐴 is a sparse matrix.



HHL (Harrow-Hassidim-Lloyd)

Due to the spectral theorem, |b〉 can be written in terms of the
eigenvectors {ui} of A, that is, jb〉àPn−1

jà0 βjjuj〉, and thus, the
equation can be reformulated as follows:

jx〉à
Xn−1

jà0
λ−1
j bjjuj〉 Ö15Ü

which is, indeed, the output of the HHL algorithm.
To create the state of Equation (15), the circuit depicted in

Figure 10 is used. First, the vector |b〉 is loaded as AMPLITUDE

ENCODING into the first register (step 1):

jb〉à
Xn−1

ià0
biji〉 Ö16Ü

Then, the QUANTUM PHASE ESTIMATION (with a MATRIX

ENCODING of A as an input in step 2) results in a QUAM
ENCODING of the approximated eigenvalues in the second
register that is entangled with |b〉:

Xn−1

jà0
βjjλj〉juj〉 Ö17Ü

In the remaining steps (3–6), the algorithm inverts the ei-
genvalues and converts them from QUAM ENCODING (a digital
encoding) to an analogous AMPLITUDE ENCODING, see [42] for a
detailed description of the conversion. To disentangle the
registers, an UNCOMPUTE operation is used. Since the inversion
of the eigenvalues is implemented as a probabilistic operation,
a POST‐SELECTIVE MEASUREMENT, therefore, reveals if the
overall algorithm succeeded (i.e. collapsed into the desired state
of Equation (15)) or otherwise needs to be repeated.

The encodings used throughout the algorithm also reveal
the main caveats of the algorithm that were pointed out in [10]:

✏ Loading |b〉 in AMPLITUDE ENCODING may require an
exponential number of operations and, therefore, destroy
the exponential speed‐up—this has also been referred to as
the ‘input problem’ [57]. In theory, it is of course possible to
apply the HHL algorithm on the output of a previous

algorithm—however, the hardware requirements of HHL
alone exceed the current state of NISQ devices [57].

✏ The MATRIX ENCODING in the QPE poses several
restrictions on the input matrix A—otherwise, this part of
the algorithm cannot be performed efficiently and the
exponential speed‐up vanishes.

✏ The algorithm produces the solution vector |x〉 in AMPLI-

TUDE ENCODING—which prevents a simple readout of this
value. It is possible to estimate the amplitudes by multiple
repetitions of the algorithms—unfortunately, this also
destroys the speed‐up and has been referred to as the
‘output problem’ [57].

5 | RELATED WORK

The encoding patterns presented in this work complement
encoding patterns [13] and patterns for quantum algorithms
[31] of our previous works. While various other publications
[58–60] introduce ‘quantum patterns’, none of these confirm
patterns in the sense of Alexander et al. [14]. Therefore, to our
best knowledge, no other pattern for quantum computing have
been published so far.

Besides the encodingsmentioned in this paper, various other
encodings have been used in quantum algorithms. An overview
of data encodings with a focus on quantummachine learning can
be found in [9, 34, 36] while the authors in [37] describe
encodings for quantum image processing. Duan et al. [51] review
the HHL algorithm and data encodings used within this algo-
rithm. However, they especially focus on the HHL while our
work gives a general overview of existing data encodings and
their usage in several different quantum algorithms. Thereby, we
chooseHHL as a demonstration of their applicability. In [34], the
authors show that using ANGLE ENCODING as input data for a
quantum classifier restricts the decision boundaries that the
model can learn to a simple sine‐function. Ref. [61] further
generalises these findings and shows that the expressive power of
a model can be increased by repeating the encoding. Ref. [35]
draws general conclusions for data loading and various encod-
ings in the NISQ era. In contrast to our approach, none of the
previously mentioned overviews uses patterns to provide easy
access to knowledge about data encodings.

F I GURE 1 0 Circuit of the HHL Algorithm [43], and applied patterns
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eigenvectors {ui} of A, that is, jb〉àPn−1

jà0 βjjuj〉, and thus, the
equation can be reformulated as follows:
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which is, indeed, the output of the HHL algorithm.
To create the state of Equation (15), the circuit depicted in

Figure 10 is used. First, the vector |b〉 is loaded as AMPLITUDE

ENCODING into the first register (step 1):
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Then, the QUANTUM PHASE ESTIMATION (with a MATRIX

ENCODING of A as an input in step 2) results in a QUAM
ENCODING of the approximated eigenvalues in the second
register that is entangled with |b〉:

Xn−1

jà0
βjjλj〉juj〉 Ö17Ü

In the remaining steps (3–6), the algorithm inverts the ei-
genvalues and converts them from QUAM ENCODING (a digital
encoding) to an analogous AMPLITUDE ENCODING, see [42] for a
detailed description of the conversion. To disentangle the
registers, an UNCOMPUTE operation is used. Since the inversion
of the eigenvalues is implemented as a probabilistic operation,
a POST‐SELECTIVE MEASUREMENT, therefore, reveals if the
overall algorithm succeeded (i.e. collapsed into the desired state
of Equation (15)) or otherwise needs to be repeated.

The encodings used throughout the algorithm also reveal
the main caveats of the algorithm that were pointed out in [10]:

✏ Loading |b〉 in AMPLITUDE ENCODING may require an
exponential number of operations and, therefore, destroy
the exponential speed‐up—this has also been referred to as
the ‘input problem’ [57]. In theory, it is of course possible to
apply the HHL algorithm on the output of a previous

algorithm—however, the hardware requirements of HHL
alone exceed the current state of NISQ devices [57].

✏ The MATRIX ENCODING in the QPE poses several
restrictions on the input matrix A—otherwise, this part of
the algorithm cannot be performed efficiently and the
exponential speed‐up vanishes.

✏ The algorithm produces the solution vector |x〉 in AMPLI-

TUDE ENCODING—which prevents a simple readout of this
value. It is possible to estimate the amplitudes by multiple
repetitions of the algorithms—unfortunately, this also
destroys the speed‐up and has been referred to as the
‘output problem’ [57].

5 | RELATED WORK

The encoding patterns presented in this work complement
encoding patterns [13] and patterns for quantum algorithms
[31] of our previous works. While various other publications
[58–60] introduce ‘quantum patterns’, none of these confirm
patterns in the sense of Alexander et al. [14]. Therefore, to our
best knowledge, no other pattern for quantum computing have
been published so far.

Besides the encodingsmentioned in this paper, various other
encodings have been used in quantum algorithms. An overview
of data encodings with a focus on quantummachine learning can
be found in [9, 34, 36] while the authors in [37] describe
encodings for quantum image processing. Duan et al. [51] review
the HHL algorithm and data encodings used within this algo-
rithm. However, they especially focus on the HHL while our
work gives a general overview of existing data encodings and
their usage in several different quantum algorithms. Thereby, we
chooseHHL as a demonstration of their applicability. In [34], the
authors show that using ANGLE ENCODING as input data for a
quantum classifier restricts the decision boundaries that the
model can learn to a simple sine‐function. Ref. [61] further
generalises these findings and shows that the expressive power of
a model can be increased by repeating the encoding. Ref. [35]
draws general conclusions for data loading and various encod-
ings in the NISQ era. In contrast to our approach, none of the
previously mentioned overviews uses patterns to provide easy
access to knowledge about data encodings.
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Preparation of Arbitrary Quantum State

• Suppose that a quantum state | ⟩𝒔 has to be prepared on an empty qubit register. 
If the state preparation method is not known that exploits the structure of the 
state to prepare it efficiently, we have to use a method for creating an arbitrary 
state instead.
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(Mottonen, QIC Vol. 5, No. 6, 467)

2

FIG. 1: Definition of the k-fold uniformly controlled rotation F k
m(a, α) of qubit m about the axis a. The left hand side defines

the gate symbol used for the uniformly controlled rotation. The enumeration of the qubits is arbitrary with the exception that
the target qubit is the mth one. The black control bits stand for value 1 and the white for 0. Above, M = 2k.

FIG. 2: Efficient gate decomposition for the uniformly controlled rotation F 3
4 (a, α). The relation of the angles {θj} to the

angles {αj} is shown in Eq. (3).

II. UNIFORMLY CONTROLLED ROTATIONS

The quantum state of an n-qubit register may be described by a complex vector of the form

|a〉 =











a1

a2
...

aN











=
N−1
∑

i=0

ai+1

∣

∣bi
1b

i
2 . . . bi

N

〉

, (1)

where N = 2n, bj denotes the state of the jth qubit, and the bit string bi
1b

i
2 . . . bi

N is the binary presentation of the
integer i. The state is taken to be normalized to unity. Furthermore, the overall phase of the state is not observable
and thus irrelevant. This means that an n-qubit state has 2n+1−2 real degrees of freedom. Quantum gates are linear
transformations on the space of these vectors and, hence, may be represented by N × N unitary matrices.

A uniformly controlled rotation F k
m(a, α) is a quantum gate defined by the k controlled qubits, the target qubit m,

the rotation axis a and the angles {αi}, see Ref. [3]. As shown in Fig. 1, the uniformly controlled rotation corresponds
to a sequence of controlled Ra(αi) rotations, which covers all the 2k possible control bit sequences. Here

Ra(αi) = eia·σαi/2 = I2×2 cos
αi

2
+ i (a · σ) sin

αi

2
, (2)

where σx, σy, and σz are the Pauli matrices and the dot product a · σ = σxax + σyay + σzaz.
Figure 2 reviews a construction for F k

m(a, α) consisting of 2k CNOT gates and 2k one-qubit a-rotations. The case
k = 3 is shown. In the case of a general k, the gate sequence may be constructed from the sequence for k − 1 by
replacing the position of the control in the rightmost CNOT gate to the new controlled qubit and repeating the
obtained sequence twice for suitable rotation angles {θj}. The operational principle of the gate sequence requires that
ax = 0. However, this limitation can be circumvented by introducing one-qubit basis changing gates on the both side
of the gate.

The angles {θi} can be obtained from {αi} using the equation






θ1
...

θ2k






= M







α1
...

α2k






, Mij = 2−k(−1)bj−1·gi−1 , (3)

k-fold Uniformly Controlled 
Rotation Gate, 𝐹() 𝑎, 𝛼  

| ⟩𝜓 = 𝛼+| ⟩000 | ⟩𝑡 + 𝛼-| ⟩001 | ⟩𝑡 + 𝛼&| ⟩010 | ⟩𝑡 + 𝛼/| ⟩011 | ⟩𝑡 + 𝛼0| ⟩100 | ⟩𝑡 + 𝛼1| ⟩101 | ⟩𝑡 + 𝛼2| ⟩110 | ⟩𝑡 + 𝛼3| ⟩111 | ⟩𝑡

𝐹0/ 𝑎, 𝛼 | ⟩𝜓 = 𝛼′+| ⟩000 | ⟩𝑡 + 𝛼′-| ⟩001 | ⟩𝑡 + 𝛼′&| ⟩010 | ⟩𝑡 + 𝛼′/| ⟩011 | ⟩𝑡 +
																												𝛼′0| ⟩100 | ⟩𝑡 + 𝛼′1| ⟩101 | ⟩𝑡 + 𝛼′2| ⟩110 | ⟩𝑡 + 𝛼′3| ⟩111 | ⟩𝑡
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FIG. 1: Definition of the k-fold uniformly controlled rotation F k
m(a, α) of qubit m about the axis a. The left hand side defines

the gate symbol used for the uniformly controlled rotation. The enumeration of the qubits is arbitrary with the exception that
the target qubit is the mth one. The black control bits stand for value 1 and the white for 0. Above, M = 2k.

FIG. 2: Efficient gate decomposition for the uniformly controlled rotation F 3
4 (a, α). The relation of the angles {θj} to the

angles {αj} is shown in Eq. (3).
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transformations on the space of these vectors and, hence, may be represented by N × N unitary matrices.
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m(a, α) is a quantum gate defined by the k controlled qubits, the target qubit m,

the rotation axis a and the angles {αi}, see Ref. [3]. As shown in Fig. 1, the uniformly controlled rotation corresponds
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Figure 2 reviews a construction for F k

m(a, α) consisting of 2k CNOT gates and 2k one-qubit a-rotations. The case
k = 3 is shown. In the case of a general k, the gate sequence may be constructed from the sequence for k − 1 by
replacing the position of the control in the rightmost CNOT gate to the new controlled qubit and repeating the
obtained sequence twice for suitable rotation angles {θj}. The operational principle of the gate sequence requires that
ax = 0. However, this limitation can be circumvented by introducing one-qubit basis changing gates on the both side
of the gate.
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integer i. The state is taken to be normalized to unity. Furthermore, the overall phase of the state is not observable
and thus irrelevant. This means that an n-qubit state has 2n+1−2 real degrees of freedom. Quantum gates are linear
transformations on the space of these vectors and, hence, may be represented by N × N unitary matrices.

A uniformly controlled rotation F k
m(a, α) is a quantum gate defined by the k controlled qubits, the target qubit m,

the rotation axis a and the angles {αi}, see Ref. [3]. As shown in Fig. 1, the uniformly controlled rotation corresponds
to a sequence of controlled Ra(αi) rotations, which covers all the 2k possible control bit sequences. Here
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where σx, σy, and σz are the Pauli matrices and the dot product a · σ = σxax + σyay + σzaz.
Figure 2 reviews a construction for F k

m(a, α) consisting of 2k CNOT gates and 2k one-qubit a-rotations. The case
k = 3 is shown. In the case of a general k, the gate sequence may be constructed from the sequence for k − 1 by
replacing the position of the control in the rightmost CNOT gate to the new controlled qubit and repeating the
obtained sequence twice for suitable rotation angles {θj}. The operational principle of the gate sequence requires that
ax = 0. However, this limitation can be circumvented by introducing one-qubit basis changing gates on the both side
of the gate.

The angles {θi} can be obtained from {αi} using the equation
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
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


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α1
...
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




, Mij = 2−k(−1)bj−1·gi−1 , (3)

Single- and Two-qubit gate 
decomposition of 
k-fold Uniformly Controlled 
Rotation Gate

24  CNOT + 24  𝑅5

𝜃-
⋮
𝜃&!

= 𝑀
𝛼-
⋮
𝛼&!

𝑀'. = 2"4(−1)6"#$78%#$

• 𝑏9 : binary code 
• 𝑔9 : gray code for integer m
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#1 Uniformly Controlled Rotation Based

• Gray code : 자료를표현하는방식중하나.
I/O 장치, A/D 변환기, 주변장치등에서
숫자를표현할때사용함.수의크기가
변할때인접한수사이에한자리만 (1 bit) 
변하게만들어진코드이다.

Decimal Binary Gray Code

0 0000 0000

1 0001 0001

2 0010 0011

3 0011 0010

4 0100 0110

5 0101 0111

.. .. ..

510 01 1111 1110 01 0000 0001

511 01 1111 1111 01 0000 0000

2

Figure 1: Definition of the uniformly controlled rotation
F

3
4 (Ra). Here a is a three-dimensional vector fixing the rota-

tion axis of the matrices R
j
a

= Ra(αj).

the matrix representation

F k
k+1(Ra) =






Ra(α1)
. . .

Ra(α2k)




 , (1)

where the angles α1, α2, . . . , α2k may be freely chosen and
the rotation matrix Ra(φ) is given by

Ra(φ) = eia·σφ/2 = I cos
φ

2
+ i (a · σ) sin

φ

2
. (2)

Above I is the unit matrix and the product a·σ = axσx+
ayσy+azσz involves the Pauli matrices σx, σy , and σz [1].
In general, F k

m(Ra) is a product of 2k two-level matrices.

We propose an implementation of F k
m(Ra) with ax = 0

using an alternating sequence of 2k CNOTs and 2k one-
qubit rotations Ra(θi) acting on the qubit m. The posi-
tion of the control node in the lth CNOT gate is set to
match the position where the lth and (l +1)th bit strings
gl−1 and gl of the binary reflected Gray code [18] differ.
In binary Gray codes, the adjacent bit strings differ by
definition only in a single bit, and hence the position is
well defined. As an example, the quantum circuit for
the gate F 3

4 (Ra) is shown in Fig. 2(a) while Fig. 2(b)
illustrates the correspondence of the Gray code to the
positions of the control nodes in the CNOT gates.

In the proposed construction, each of the control qubits
regulates an even number of NOT gates, since in a cyclic
Gray code each bit is flipped an even number of times.
On the other hand, Eq. (2) yields

ax = 0 =⇒ σxRa(θ)σx = Ra(−θ). (3)

Hence, for any of the standard basis vectors acting as an
input all the induced NOT gates annihilate each other
and negate some of the angles {θi}. Furthermore, sub-
sequent rotations about any single axis a are additive,
i.e., Ra(φ)Ra(ω) = Ra(φ + ω) for arbitrary angles φ and
ω. Thus, the construction yields a rotation of the qubit
m about the axis a through an angle which is a linear
combination of the angles {θi}. Consequently, the pro-
posed quantum circuit is equivalent to the gate F k

m(Ra)

Figure 2: (a) Quantum circuit realizing the gate F
3
4 (Ra),

where a is perpendicular to the x-axis. Here we have used
a notation R̃

j
a

= Ra(θj). (b) Binary reflected 3-bit Gray
code used to define the positions of the control nodes. The
black and white rectangles denote bit values one and zero,
respectively.

provided that the angles {θi} are a solution of the linear
system of equations

Mk






θ1
...

θ2k




 =






α1
...

α2k




 , (4)

where the matrix elements Mk
ij can be determined using

Eq. (3). The rotation angle θj is negated, provided that
the control nodes attached to the lth qubit are active and
the lth bit of gj−1 has the value one. The negations must
be applied for each control qubit independently, which
results in

Mk
ij = (−1)bi−1·gj−1 , (5)

where bi is the standard binary code representation of the
integer i and the dot in the exponent denotes the bitwise
inner product of the binary vectors.

The matrix Mk bears a strong resemblance to the k-
bit Walsh-Hadamard matrix Hk

ij = 2−k/2(−1)bi−1·bj−1 ,
which is by construction orthogonal. Since a Gray code
is a permutation of the standard binary code, 2−k/2Mk

is a column-permuted version of Hk and thus also or-
thogonal. Consequently, we obtain the inverse matrix
(Mk)−1 = 2−k(Mk)T and the determination of {θi} for
any desired angles {αi} is immediate. Thus any uni-
formly controlled rotation F k

m(Ra) with ax = 0 and k ≥ 1
can be realized using 2k CNOT gates and 2k one-qubit
rotations Ra(θi). We note that although we chose to use
the binary reflected Gray code to determine the positions
of the control nodes in the CNOT gates, any cyclic k-bit
binary Gray code will also qualify. Furthermore, F k

m(Ra)
can also be achieved by a horizontally mirrored version
of the quantum circuit presented.

The CSD of a unitary 2n × 2n matrix may be expressed

The difference in the vector element 
indicates the control qubit of CNOT
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#1 Uniformly Controlled Rotation Based

• Find a gate sequence corresponding to a matrix 𝑈 such that 𝑈| ⟩𝑎 = | ⟩𝑏 for given | ⟩𝑎 and | ⟩𝑏 .

• For convenience, we transform | ⟩𝑎 to | ⟩L0 than arbitrary target state. 
(practically, | ⟩𝑎 à | ⟩L0 à | ⟩𝑏 )

3

where bm and gm stand for the binary code and binary reflected Gray code representations of the integer m, re-
spectively. In actuality, the position of the controls of the CNOT gates in Fig. 2 may be chosen in many different
ways which results in replacing gj−1 in Eq. (3) by another cyclic Gray code [8]. Additionally, a horizontally mirrored
version of the gate sequence in Fig. 2 also qualifies to simulate the uniformly controlled rotation.

III. STATE PREPARATION

We are looking for a gate sequence corresponding to a matrix U such that U |a〉 = |b〉 for given vectors |a〉 and
|b〉. The problem may be reduced to the problem of finding a matrix V which takes an arbitrary vector to some
fixed vector |r〉, since then we may take A and B such that A |a〉 = |r〉 = B |b〉 and, hence, B†A |a〉 = |b〉, where
the dagger denotes the Hermitian conjugate. For convenience, we take the fixed vector to be the first basis vector
|e1〉 = |00 . . . 0〉 = (1, 0, 0, . . . , 0)T .

Our algorithm for transforming |a〉 = (|a1|eiω1 , |a2|eiω2 , . . . , |aN |eiωN )T into |e1〉 works as follows:

• First we equalize the phases ωi using a cascade of uniformly controlled z-rotations Ξz, rendering the vector real
up to the global phase φ: Ξz |a〉 = eiφ |â〉.

• Then we rotate the real state vector |â〉 into the direction of |e1〉 using a similar sequence of uniformly controlled
y-rotations Ξy, thus achieving our goal.

The first step can be readily accomplished using a general diagonal n-qubit quantum gate first considered in Ref. [9].
It is efficiently produced by a sequence of uniformly controlled z-rotations as

Ξz =
n

∏

j=1

F j−1
j (z, αz

n−j+1) ⊗ I2n−j , (4)

where the gate F j−1
j (z, αz

n−j+1) equalizes the phases of the elements connected through the qubit j. The rotation
angles {αz

j,k}j, the elements of α
z
k, are found to be

αz
j,k =

2k−1

∑

l=1

(ω(2j−1)2k−1+l − ω(2j−2)2k−1+l)/2k−1, (5)

where j = 1, 2, . . . , 2n−k and k = 1, 2, . . . , n.
Next we apply a uniformly controlled y-rotation Fn−1

n (y, αy) with angles {αy
j } =

{2 asin
(

|a2j |/
√

|a2j−1|2 + |a2j |2
)

}. This has the effect of zeroing the elements of the vector that correspond

to the states standing for bit value one in the qubit n:

Fn−1
n (y, αy) |â〉 = (a1,2, 0, a2,2, 0, . . . , aN/2,2, 0)T = (a1,2, a2,2, . . . , aN/2,2)

T ⊗ (1, 0)T (6)

where {aj,2} = {
√

|a2j−1|2 + |a2j |2}. In effect we have zeroed the last qubit of the register. This procedure can be
repeated on the remaining nonzero elements, until we reach |e1〉 = (1, 0)T ⊗ . . . ⊗ (1, 0)T .

Employing the above steps one obtains the desired decomposition

ΞyΞz |a〉 =





n
∏

j=1

F j−1
j (y, αy

n−j+1) ⊗ I2n−j









n
∏

j=1

F j−1
j (z, αz

n−j+1) ⊗ I2n−j



 |a〉 = ei
∑N

j=1
ωj/N |e1〉 . (7)

The product of non-commuting matrices in Eq. (7) is to be taken from left to right. Here, to eliminate the remaining
global phase one could apply a phase gate. After solving the recursion, the rotation angles in Eq. (7) are found to
acquire the values

αy
j,k = 2asin





√

√

√

√

2k−1

∑

l=1

|a(2j−1)2k−1+l|2/

√

√

√

√

2k
∑

l=1

|a(j−1)2k+l|2



 , (8)

where j = 1, 2, . . . , 2n−k and k = 1, 2, . . . , n. Fig. 3 shows the quantum circuit corresponding to Eq. (7). The
resulting gate sequence is slightly simplified by noting that uniformly controlled z-rotations, being diagonal, can

3
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resulting gate sequence is slightly simplified by noting that uniformly controlled z-rotations, being diagonal, can

Ξ: =�
.*-

,

𝐹.
."- 𝑧, 𝛼,".;-: ⨂𝐼&&#" Ξ< =�

.*-

,

𝐹.
."- 𝑦, 𝛼,".;-

< ⨂𝐼&&#"
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#1 Uniformly Controlled Rotation

• On considering | ⟩𝑎 à | ⟩L0 à | ⟩𝑏 , the entire circuit requires 2*+, − 4𝑛 − 4 CNOTs and 2*+, − 5
one-qubit rotations

4

FIG. 3: Gate sequence for state preparation using uniformly controlled rotations. The rotation angles {αq
j,k} for the uniformly

controlled rotations are given in Eqs. (8) and (5).

always be commuted through the control bits of another uniformly controlled gate. Hence, uniformly controlled z and
y rotations acting on the same set of qubits can be commuted next to each other, whereby we can cancel one CNOT
from each gate by mirroring the y gate.

To transform the state |a〉 to |b〉 we need to construct two circuits; the first one takes |a〉 to |e1〉 and the second one
|e1〉 to |b〉. Since the uniformly k-fold controlled rotation may be constructed from 2k CNOT gates and 2k one-qubit
rotations, the entire state preparation circuit requires 2n+2 − 4n− 4 CNOT gates and 2n+2 − 5 one-qubit rotations.

IV. CONCLUSION

In conclusions, we have shown how to construct a general state preparation circuit using a sequence of uniformly
controlled rotations. The resulting gate sequence of 2n+2 − 4n − 4 CNOT gates and 2n+2 − 5 one-qubit elementary
rotations establishes a new upper bound for the complexity of the transformation. By counting the degrees of freedom
of the problem, we find a lower bound of 2n+1 − 2 for the number of one-qubit elementary rotations. This implies the
lower bound # 1

4 (2n+1 − 3n − 2)$ for the number of CNOT gates.
Provided that the initial or final state coincides with some basis vector |ei〉 only half of the CNOT and one-qubit

rotation gates are needed. In other special cases some simplifications to the gate sequence also occur. We have
also introduced a closed-form scheme for determining the rotation angles in such way that an arbitrary state of the
quantum register transforms into desired state.

The gate count is small compared to the incomplete QR decomposition which takes approximately 6.3× 2n CNOT
gates to transform |a〉 → |e1〉 and thus 12.6 × 2n for the whole transformation. It is still an open question if the
transformation could be done more directly, i.e., merging some of the consecutive gates together and finding efficient
gate array for implementing them. This would reduce the number of elementary gates needed.

Acknowledgments

This research is supported by the Academy of Finland through the project “Quantum Computation” (No. 206457).
MM thanks the Foundation of Technology (Finland), JJV the Nokia Foundation, MM and VB the Finnish Cultural
Foundation, and MMS the Japan Society for the Promotion of Science for financial support. Sami Virtanen is
acknowledged for stimulating discussions.

[1] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cambridge University Press, 2000).
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#2 Schmidt Decomposition Method 
(PRA 83, 032302)
• (Schmidt Decomposition)

If | ⟩𝜓 is a vector in a tensor product space ℋQ⊗ℋl, then there exists an 
orthonormal basis < >𝜑-Q for ℋQ, and an orthonormal basis < >𝜑-l for ℋl, 
and non-negative real numbers 𝑝- so that 

| ⟩𝜓 =)
-

𝛼-< >𝜑-Q < >𝜑-l .

• The coefficients 𝛼- are called Schmidt coefficients.
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#2 Schmidt Decomposition Method 

• (4-Qubit Case Study)
An arbitrary 4-qubit state can be expressed using the Schmidt decomposition as 
| ⟩𝜓 = ∑-.*� 𝛼-| ⟩𝜓- | ⟩𝜙- . 
Note that | ⟩𝜓- (| ⟩𝜙- ) are the orthonormal states of the first (second) two qubits.

• (Procedures: a total of 4 steps)
1) Given the initial state | ⟩0000 , generate the state with the 

Schmidt coefficients on the first two qubits:
𝛼*| ⟩00 + 𝛼/| ⟩01 + 𝛼�| ⟩10 + 𝛼�| ⟩11 | ⟩00

2) Perform qubit-wise CNOT gates
𝛼*| ⟩00 + 𝛼/| ⟩01 + 𝛼�| ⟩10 + 𝛼�| ⟩11 | ⟩00
→ 𝛼*| ⟩00 | ⟩00 + 𝛼/| ⟩01 | ⟩01 + 𝛼�| ⟩10 | ⟩10 + 𝛼�| ⟩11 | ⟩11

QUANTUM-STATE PREPARATION WITH UNIVERSAL GATE . . . PHYSICAL REVIEW A 83, 032302 (2011)

FIG. 1. Gate sequence for preparation of an arbitrary four-qubit
state. Individual one-qubit rotations (not depicted) need to be applied
between CNOT gates. The four individual phases are described in the
text. The two CNOT gates in phase 2, as well as in phases 3 and 4, can
be performed in parallel, as they address different qubits. Altogether
one needs 9 CNOT gates, 4 pairs of which can be performed in parallel.

gates, which can be deduced from [9]. However, it stays above
the minimum of 6 gates obtained from parameter counting.

The depth of the circuit is 5, where the second phase can be
done in one computation step and the third and fourth phases
can be done in parallel in three computation steps. This is less
than half of the result of Ref. [9] and is optimal for 9 CNOT
gates. The theoretical minimal depth is 3, deduced from the
fact that at least 6 CNOT gates are needed and no more than
two can be performed in one step.

IV. FIVE QUBITS

To illustrate our state preparation procedure for the case of
odd number of qubits—where the entire Hilbert space cannot
be factorized into Hilbert spaces of equal dimensions—we give
an example for five qubits. We first factorize the Hilbert space
into two parts, with one part associated with two qubits and
the other one with three qubits. The Schmidt decomposition of
an arbitrary five-qubit state with respect to such Hilbert space
factorization has almost the same structure as in the case of
four qubits in Eq. (1). One has

|!〉 =
4∑

i=1

αi |ψ〉i |φ〉i . (6)

Again, the summation goes at most over four terms and the only
difference is that states |φ〉i , i = 1, . . . ,4, are now three-qubit
states. We again choose to include the relative phase of the
states into the coefficients αi and proceed with phases 1–3
in the same way as for four qubits. The only difference is
in the fourth phase, where we perform a three-qubit unitary
operation:

|00〉|0〉 → |φ〉1, |01〉|0〉 → |φ〉2, (7)

|10〉|0〉 → |φ〉3, |11〉|0〉 → |φ〉4.

Such unitary can be implemented by no more than 20 CNOT
gates [11]. Moreover, this unitary is not completely defined
(since the third qubit is initially exclusively in the state |0〉)
and thus further reduction of the number of CNOT gates might
be possible. Even without such optimizations, our state prepa-
ration procedure for five qubits requires 1 + 2 + 3 + 20 = 26
CNOT gates, which achieves the result of Ref. [9]. The lover

limit of 13 CNOT gates suggests that further optimization is
possible.

The depth of the procedure is 22 computation steps, with 1
step for phase 1, 1 step for phase 2, and 20 steps for performing
phases 3 and 4 in parallel. This is less than the lowest known
depth of 26 of Ref. [9], but more than the theoretical lower
bound of 7.

V. GENERAL CASE

We will now apply the main idea presented for four and
five qubits to the general case of n qubits. We begin with
factorization of the Hilbert space of n qubits into two parts of
equal dimension for n even, so that each part is associated with
n
2 qubits. For an odd number of qubits we factorize the Hilbert
space into n−1

2 and n+1
2 qubits. On the first part of the qubits

we will prepare a state whose amplitudes in the computational
basis will be defined by the generalized Schmidt coefficients.
Then we will apply a set of CNOT gates between the qubits
in the first and second parts. In the end we will perform two
unitary operations, one on the first part and one on the second
part of the qubits. We will separately treat the case of even and
odd numbers of qubits.

A. Even number of qubits

We write the number of qubits as n = 2k. The qubits are
divided into two parts, each containing k qubits. With respect
to this division the Schmidt decomposition of an arbitrary state
of n qubits has the following form:

|!〉 =
2k∑

i=1

αi |ψ〉i |φ〉i , (8)

where both |ψ〉i and |φ〉i are normalized states of k qubits and
αi are complex coefficients.

The initial state of qubits is assumed to be the product state
|0〉⊗2k in which each qubit is in state |0〉. On the first k qubits
we prepare a superposition state whose amplitudes are the
Schmidt coefficients in the computational basis:

|0〉⊗2k →




2k∑

i=1

αi |i〉



 |0〉⊗k. (9)

The sequence of 0’s and 1’s in the computational basis states
{|00 . . . 0〉,|00 . . . 1〉, . . . ,|11 . . . 1〉} represents the binary
encoding of the index i in the states |i〉: Qubits in state |1〉
stand exactly on those positions where there is a 1 in the
binary notation of i. All other qubits are in the state |0〉. To
prepare a state on k qubits as required in Eq. (9), we can utilize
the existing bound from Ref. [9], which allows us to prepare
it with the help of 2k − k − 1 CNOT gates. We will later return
to a discussion about further optimization possibilities of this
particular phase.

In the second phase, we perform k CNOT gates with qubits
j as the control and qubits j + k as the target for j running

032302-3
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#2 Schmidt Decomposition Method 

• (Procedures: cont’d)
3) Apply the unitary operation to transform the basis states of the first two qubits 

into the four orthonormal states | ⟩𝜓- : 
| ⟩00 → | ⟩𝜓* , | ⟩01 → | ⟩𝜓/ , | ⟩10 → | ⟩𝜓� , | ⟩11 → | ⟩𝜓�

4) Apply the unitary operation to transform the basis states of the second two 
qubits into the four orthonormal states | ⟩𝜙- :

| ⟩00 → | ⟩𝜙* , | ⟩01 → | ⟩𝜙/ , | ⟩10 → | ⟩𝜙� , | ⟩11 → | ⟩𝜙�

52



#2 Schmidt Decomposition Method 

• (5-Qubit Case Study)
Factorize the Hilbert space into two parts, with one part based on two qubits and 
the other part is associated with three qubits. 
• The Schmidt decomposition of an arbitrary 5-qubit state has the almost the same 

structure with that the 4-qubit case, | ⟩𝜓 = ∑-.*� 𝛼-| ⟩𝜓- | ⟩𝜙- , except that | ⟩𝜙- are 
3-qubit states.
• Therefore, the steps 1~3 are the same with those in the 4-qubit procedure.
• Step 4: Apply the unitary operation to transform the basis states of the second 

three qubits into the four orthonormal states | ⟩𝜙- :
< ⟩00 | ⟩0 → | ⟩𝜙* , < ⟩01 | ⟩0 → | ⟩𝜙/ , < ⟩10 | ⟩0 → | ⟩𝜙� , < ⟩11 | ⟩0 → | ⟩𝜙�
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#2 Schmidt Decomposition Method 

Step Even Size (n=2k) Odd Size (n=2k+1)

1 | ⟩0 ⊗&4 ⟶ q
'*-

&!

𝛼'| ⟩𝑖 | ⟩0 ⊗4 | ⟩0 ⊗&4;- ⟶ q
'*-

&!

𝛼'| ⟩𝑖 | ⟩0 ⊗4;-

2 q
'*-

&!

𝛼'| ⟩𝑖 | ⟩0 ⊗4 ⟶q
'*-

&!

𝛼'| ⟩𝑖 | ⟩𝑖 q
'*-

&!

𝛼'| ⟩𝑖 | ⟩0 ⊗4;- ⟶q
'*-

&!

𝛼'| ⟩𝑖 | ⟩𝑖 | ⟩0

3 q
'*-

&!

𝛼'| ⟩𝑖 | ⟩𝑖 ⟶q
'*-

&!

𝛼'| ⟩𝜓' | ⟩𝑖 q
'*-

&!

𝛼'| ⟩𝑖 | ⟩𝑖 ⟶q
'*-

&!

𝛼'| ⟩𝜓' s ⟩𝑖 | ⟩0

4 q
'*-

&!

𝛼'| ⟩𝜓' | ⟩𝑖 ⟶q
'*-

&!

𝛼'| ⟩𝜓' | ⟩𝜙' q
'*-

&!

𝛼'| ⟩𝜓' | ⟩𝑖 ⟶q
'*-

&!

𝛼'| ⟩𝜓' | ⟩𝜙'
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#2 Schmidt Decomposition Method 

• Schmidt Decomposition and Singular Value Decomposition:
A quantum state | ⟩𝑠 can be expressed in terms of two subspace V and W. The 
orthogonal basis 𝑓*, 𝑓/, ⋯ , 𝑓� ∈ 𝑉 and 𝑔*, 𝑔/, ⋯ , 𝑔� ∈ 𝑊 are chosen, and 
then | ⟩𝑠 is represented as | ⟩𝑠 = ∑-,o 𝑏-,o Y 𝑓-⊗𝑔o.

• Then, SVD of the matrix 𝑀 = {𝑏-,o} is computed 
as 𝑀 = 𝑈*𝑈/

𝐴
0 𝑉∗.

• The entries of the diagonal matrix 𝐴 build the set 
𝛼*, 𝛼/, ⋯ , 𝛼> , which defined the Schmidt 

decomposition of | ⟩𝑠 : | ⟩𝑠 = ∑- 𝛼-< >𝜑-Q < >𝜑-l

1ÅÅÅÅ
m
p

Xm−1

ià0
ja〉i j0〉 QRAM⟶

1ÅÅÅÅ
m
p

Xm−1

ià0
ja〉i jxa〉 Ö6Ü

where the first register is the address register that is in a
superposition of all m addresses to be loaded and the second
register is the output register. Further, |a〉i specifies the
address of the ith data value to be loaded and xa is the data
value associated with this address. The QRAM loads each data
value |xa〉 into the output register such that |a〉i|xa〉 is con-
tained in the combined state of both registers. Depending on
the data values, this state may be entangled.
Result: For this encoding, l qubits are needed to encode

the data values using BASIS ENCODING. The address register
requires ⌈ log(n)⌉ additional qubits for a maximum of n ad-
dresses. The computational properties are similar to those of
BASIS and QUAM ENCODING: As a superposition of the encoded
data values is prepared, data can be processed in parallel
(quantum parallelism) and arithmetic operations such as addi-
tion or multiplication can be used.

An algorithm that uses QRAM assumes that an efficient
procedure exists that can be used to perform state prepara-
tion in logarithmic runtime [9]. As long as there are no
hardware implementations of QRAM, a state preparation
method must be used that mirrors the loading process of a
QRAM. The main drawback of QRAM encoding is that, in
general, no state preparation method for arbitrary input data
exists that is as efficient as a QRAM. A promised speed‐up
of an algorithm that relies on QRAM can only be realised
if data can be encoded efficiently by a known state prepa-
ration method.
Related Patterns: This pattern further refines STATE

PREPARATION and uses BASIS ENCODING. CREATING ENTANGLE-

MENT [31] may be used, for example, loading the first and last

address results in
✓

1ÅÅ
2
p j00〉j000〉á 1ÅÅ

2
p j11〉j111〉

◆
which is the

entangled 5‐qubit Greenberger‐Horne‐Zeilinger state. As a
state preparation method, SCHMIDT DECOMPOSITION can be
used.
Known Uses: An algorithm for state preparation is given

by circuit family #3 of [40]. An alternative approach is pre-
sented in [41]. This encoding is used by algorithms for solving
semi‐definite programs [42]. Various other algorithms exist
that require or are improved upon QRAM [26–29]. The Har-
row‐Hassidim‐Lloyd (HHL) algorithm for solving linear
equations [43] uses QRAM ENCODING to represent eigenvalues
in an intermediate step [42].

Context: A state |s〉 has to be prepared on an empty
n‐qubit register. If no state preparation method is known
that exploits the structure of this state to prepare it effi-
ciently, a method for creating an arbitrary state can be used
instead.

Forces: For the creation of a circuit for an arbitrary state,
the following forces apply:

(i) The depth of the constructed state preparation circuit is
preferably small.

(ii) The runtime for constructing the state preparation circuit
on a classical computer should not outweigh the potential
benefit of using a quantum computer.

Solution: To generate a circuit for the creation of |s〉, it
first needs to be expressed in terms of two subspaces V and
W that span H⊗n. First, orthogonal basis {f1, …, fk} ∈ V and
{g1, …, gk} ∈ W are chosen and |s〉 is represented as a linear
combination of these basis vectors:

js〉à
X

i;j
bij ⋅ f i ⊗ gj Ö7Ü

Then, the singular value decomposition (SVD) of the matrix
M = {bij} is computed (see [44] for detailed instructions):

M à
�
U1U2

�✓A
0

◆
V ⇤ Ö8Ü

where the matrix U obtained by the SVD is rewritten by U1
and U2. The entries of the diagonal matrix A build the set
{α1, …αm}, which defines the Schmidt decomposition of |s〉:

js〉à
Xm

ià1
αi ⋅ ui ⊗ vi; αi ∈ R ≥ 0;where

Xm

ià1
αi à 1 Ö9Ü

where α1, …, αm are the Schmidt coefficients for the Schmidt
basis {ui}, {vi}. The circuit in Figure 7 can be used to prepare
|s〉 on an empty register [45]: First, B transforms the amplitude
of the first register to the Schmidt coefficients. Then, a series
of CNOT operations copies this state to the second register.
Finally, U1 and V transform the computational basis states {ei}
into the Schmidt basis states:

ÖU1 ⊗ V Ü
Xm

ià1
αi ⋅ ei ⊗ ei à

Xm

ià1
αi ⋅ ui ⊗ vi Ö10Ü

For the execution on a quantum computer, the unitary
matrices must be further decomposed into one and two qubit
gates.

F I GURE 7 State preparation circuit for |s〉, adapted from [35]
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Figure 4. Preparing input based on Schmidt decomposition.

Figure 5. Representing the unitary operators of the Schmidt decomposition as subroutines.

with unitary U = (U1U2), unitary V , and a positive-semidefinite diagonal matrix A. The column vectors of
U1 are then the vectors {u1, . . . , um}, the column vectors of V are the vectors {v1, . . . , vm}, and the diagonal
elements of A build the set {α1, . . . , αm}.

In practice, sometimes a quantum register is split into two parts and the entanglement of the state
between these two parts must be controlled; state preparation based on Schmidt decomposition can be used
in this case [15]. Figure 4 shows the circuit of the algorithm to initialize a quantum register in state x ∈ V ⊗
W . There are differences to consider for quantum registers with even or odd numbers of qubits: see [52] for
details.

In the upper left part of the figure, A, U1, V are rendered with dashed borders and gray shaded: in order
to be executable on a quantum device, these unitary operators have to be represented as a composition of a
universal set of 1-qubit and 2-qubit gates, i.e. as subroutines themselves: A = ⊗ Mi, U1 = ⊗ Mj and V =
⊗ Mk.

Figure 5 indicates this by showing that A, U1 and V are rewritten as separate schematic circuits using
1-qubit operators and CNOTs (see [47, 56] for a general treatment of representing multi-qubit gates via
1-qubit and 2-qubit gates, and [45] for a specific algorithm to determine such a representation).
Furthermore, each of the 1-qubit operation Ml is represented as a so-called Z–Y decomposition, i.e. it is
computed as Ml = eiαl Rz (βl) Ry (γl) Rz (δl); figure 5 depicts the Z–Y decomposition of Mj. Overall, this
should give an impression of the complexity of the overall circuit implementing the state preparation based
on the Schmidt decomposition of the data element.

7

Z-Y decomposition
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Robust Data Embedding
(PRA 102, 032420)
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Quantum Classifier

• (Quantum Classifier) A (binary) quantum classifier is defined as a procedure for 
encoding data into quantum circuit, processing it through trainable circuit (QNN), 
and outputting a (binary) predictable label

ROBUST DATA ENCODINGS FOR QUANTUM CLASSIFIERS PHYSICAL REVIEW A 102, 032420 (2020)

FIG. 1. A common architecture for a binary quantum classifier
that we study in this paper. The general circuit structure is shown in
(a) and the structure for a single qubit is highlighted in (b). In both, a
feature vector x is encoded into a quantum state ρx via a “state prepa-
ration” unitary Sx. The encoded state ρx then evolves to UρxU † =: ρ̃x

where U (α) is a unitary Ansatz with trainable parameters α. A single
qubit of the evolved state ρ̃x is measured to yield a predicted label ŷ
for the vector x.

ρx ∈ Dn via a state preparation unitary Sx (see Fig. 1 ).
Throughout the paper, we use Dn ⊂ C2n×2n

to denote the
set of density operators (matrices) on n qubits. We remark
that each x in the training set leads to a (unique) Sx, so the
state preparation unitary can be considered a parameterized
family of unitary Ansätze. We discuss encodings in detail in
Sec. II B.

For the processing step (2), there have been many proposed
QNN architectures in recent literature, including quantum
convolutional neural networks [64,65], strongly entangling
Ansätze [33], and more [35,66]. In this paper, we allow for
a general unitary evolution U (α) such that

ρ̃x = U (α)ρxU †(α). (4)

We remark that some QNN architectures involve intermediate
measurements and conditional processing (notably, Ref. [64])
and so do not immediately fit into (4). Our techniques for

FIG. 2. A visual representation of data encoding (7) for a sin-
gle qubit. On the left is shown a set of randomly generated points
{xi, yi}M

i=1 normalized to lie within the unit square, (xi = [x1,i, x2,i]T ),
separated by a true decision boundary shown by the dashed black
line. A data encoding maps each xi ∈ R2 to a point on the Bloch
sphere ρxi ∈ C2, here using the dense angle encoding (14). The
dashed black line on the Bloch sphere shows the initial decision
boundary of the quantum classifier. During the training phase, unitary
parameters are adjusted to rotate the dashed black line to correctly
classify as many training points as possible. Different data encodings
lead to different learnable decision boundaries and different robust-
ness properties, as discussed in the main text.

showing robustness could be naturally extended to such
architectures, however, and so we consider (4) as a simple
yet general model. We also note that training the classifier via
minimization of a well-defined cost function is an important
task with interesting questions, but we primarily focus on data
encodings and their properties in this paper. For this reason,
we often suppress the trainable parameters α and write U for
U (α).

Finally, the remaining step is to extract information from
the state ρ̃x to obtain a predicted label. As mentioned, a natural
method for doing this is to measure a single qubit which
yields a binary outcome 0 or 1 taken as the predicted label ŷ.
Since measurements are probabilistic, we measure Nm times
and take a majority vote. That is, if 0 is measured N0 times
and N0 ! Nm/2, we take 0 as the class prediction, otherwise
1. Generalizing the finite statistics,3 this condition can be
expressed analytically as

ŷ[ρ̃x] =
{0 if Tr["c

0ρ̃x] ! 1/2
1 otherwise, (5)

where

"c
0 := |0〉〈0|c ≡ |0〉〈0|c ⊗ Ic̄ (6)

is the projector onto the ground state of the classification
qubit, labeled c, and the remaining qubits are labeled c̄. For
brevity, we often omit these labels when it is clear from
context. Throughout the paper, we use ŷ for predicted labels
and y for true labels, and we refer to (5) as the decision rule
for the classifier. Equation (5) is not the only choice for such
a decision rule. In particular, one could choose a different
“weight” λ such that ŷ = 0 if Tr["0ρ̃x] ! λ as in Ref. [36],
add a bias to the classifier as in Ref. [33], or measure the
classification qubit in a different basis (e.g., the Hadamard
basis instead of the computational basis).

Our techniques for showing robustness (Sec. III C) could
be easily adapted for such alternate decision boundaries.

The preceding discussion is summarized in the following
formal definition of a quantum classifier.

Definition 1 (Quantum classifier). A (binary) quantum
classifier consists of three well-defined functions:

(i) an encoding function

E : X → Dn, (7)

E (x) = ρx, (8)

(ii) a function which evolves the state

U : C2n×2n → C2m×2m
, (9)

U (ρx) = ρ̃x, (10)

and (iii) a decision rule:

ŷ : C2m×2m → {0, 1}. (11)

3We discuss details arising from finite statistics in Sec. III D. The
results we prove can be easily modified to incorporate finite statistics
as shown in this section, but they are simpler to state in terms of
probabilities.

032420-3

A (binary) Quantum classifier consists of three well-
defined functions:
1) Encoding function:

  𝐸:𝒳 ↦ 𝒟*, 𝐸 𝑥 = 𝜌-
2) Evolution Function:

  𝒰:ℂ,"×," → ℂ,#×,#, 𝒰 𝜌- = X𝜌-
3) Decision Rule:

Y𝑦 ∶ ℂ,#×,# → {0, 1}

�𝑦 �𝜌) = �01
if Tr[∏+

>�𝜌)] ≥ 1/2
otherwise decision boundary
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Noise in Quantum System

• (Error) Errors occur on a qubit when its evolution differs from the desired one. 
This difference can occur due to imprecise control or by interaction of the qubit 
with an environment.

• (Quantum Channel) Formal description of how qubits are affected by their 
environment.

• (Pauli Channel) The Pauli channel maps a single qubit state 𝜌 to ℰ𝒑
�(𝜌) defined by 

ℰ𝒑
� 𝜌 = 𝑝T𝜌 + 𝑝W𝑋𝜌𝑋 + 𝑝Y𝑌𝜌𝑌 + 𝑝[𝑍𝜌𝑍, where 𝑝T + 𝑝W + 𝑝Y + 𝑝[ = 1.

• (Depolarizing Channel) Pauli Channel with 𝑝W = 𝑝Y = 𝑝[ = 𝑝 and 𝑝T = 1 − 3𝑝. 

Everything external to the qubit of interest
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Robust Data Encoding

• (The effect of noise) Noise shifts data points on the Bloch sphere

• (Robust Data Point) Let ℰ be a quantum channel, and consider a (binary) 
quantum classifier with the decision rule s𝑦. We say that the state 𝜌I ∈ 𝒟+
encoding a data point 𝑥 ∈ 𝒳 is a robust point of the quantum classifier iff 
s𝑦 ℰ v𝜌I = s𝑦[v𝜌I] where v𝜌I is evolved state by 𝒰.

• (Robust Data Set) The set of robust data points, or simply robust data set is 
ℛ ℰ, 𝐸, s𝑦 ≔ {𝑥 ∈ 𝒳 ∶ s𝑦 ℰ v𝜌I = s𝑦[v𝜌I]}

�𝑦 ℰ&(𝒰(ℰ-(𝜌)))) = �𝑦[�𝜌)]
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Robust Data Encoding
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(b)(a) (c)

FIG. 3. Cartoon illustration of robust points for a single qubit classifier. In panel (a), input training data points xi with classes yi ∈
{yellow, blue} are mapped into quantum states ρxi according to some encoding function E . The dashed line through the Bloch sphere indicates
the initial decision boundary. Points with a green outline are classified correctly, while points with a red outline are misclassified. In (b), data
points are processed by the QNN with optimal unitary parameters (after minimizing a cost function to find such parameters). For clarity, we
keep data points fixed and adjust the location of the decision boundary, which is now rotated to correctly classify more points (fewer points
with red outlines). In (c), a noise process E occurs which shifts the location of the final processed points (or location of decision boundary),
causing some points to be misclassified. The set of points which maintain the same classification in (b) and (c) are the robust points. Example
points x1 and x2 are correctly classified in (a) and (b) then misclassified in (c) due to the noise. Example point x3 is incorrectly classified in (a),
correctly classified in (b) after propagating through the QNN, and remains correctly classified in (c).

Finally, we consider amplitude damping noise which mod-
els decay from the excited state to the ground state via
spontaneous emission of a photon.

Definition 11. The amplitude damping channel maps a sin-
gle qubit state ρ to EAD

p (ρ) defined by

EAD
p (ρ) :=

[
ρ00 + pρ11

√
1 − pρ01√

1 − pρ10 (1 − p)ρ11

]
, (25)

where 0 ! p ! 1.
Now that we have introduced quantum noise and several

common channels, we can define robust data encodings for
quantum classifiers. We remark that we also consider mea-
surement noise in Appendix B but omit the definition and
results from the main text for brevity.

D. Robust data encodings

In this section, we define robust points and robust data en-
codings of quantum classifiers. Informally, the intuition is as
follows: the quantum classifier with decision rule (5) requires
only a “coarse-grained” measurement to extract a predicted
label. For example, with a single qubit classifier, all points in
the “top” hemisphere of the Bloch sphere are predicted to have
label 0, while all points in the “bottom” hemisphere are pre-
dicted to have label 1. The effect of noise is to shift points on
the Bloch sphere, but certain points can get shifted such that
they get assigned the same labels they would without noise.
This is the idea of robustness, represented schematically in
Fig. 3 . For classification purposes, we do not require
completely precise measurements, only that the point remain
in the same hemisphere to get the same predicted label.

Formally, we define a robust point as follows.
Definition 12 (Rrobust point). Let E be a quantum chan-

nel, and consider a (binary) quantum classifier with decision
rule ŷ as defined in (5). We say that the state ρx ∈ Dn encoding
a data point x ∈ X is a robust point of the quantum classifier
if and only if

ŷ[E (ρ̃x)] = ŷ[ρ̃x], (26)

where ρ̃x is the processed state via (9).

As mentioned, for the purpose of classification, Eq. (26)
is a well-motivated and reasonable definition of robustness.
We remark that (26) is expressed in terms of probability; in
practice, additional measurements may be required to reli-
ably determine robustness. We discuss this point further in
Sec. III D.

Further, we note that (26) assumes that noise occurs only
after the evolution ρx $→ ρ̃x. While this may be a useful the-
oretical assumption, in practice, noise happens throughout a
quantum circuit. We can therefore consider robustness for an
ideal data encoding as in Def. 12, or for a noisy data encoding
in which some noise process E1 occurs after encoding and
another noise process E2 occurs after evolution:

ŷ[E2(U (E1(ρx)))] = ŷ[ρ̃x]. (27)

For our results, we primarily consider (26), although we show
robustness for (27) in some cases.

Robust points (26) are related but not equivalent to (density
operator) fixed points of a quantum channel and can be con-
sidered an application-specific generalization of fixed points.
In Sec. III B, we characterize the set of robust points for
example channels, and in Sec. III E we use this connection
to prove the existence of robust data encodings.

For classification, we are concerned with not just one data
point, but rather a set of points [e.g., the set X or training set
(Sec. II A)]. We therefore define the set of robust points, or
robust set, in the following natural way.

Definition 13 (Rrobust set). Consider a (binary) quantum
classifier with encoding E : X → Dn and decision rule ŷ as
defined in (5). Let E be a quantum channel. The set of robust
points, or simply robust set, is

R(E, E , ŷ) := {x ∈ X : ŷ[E (ρ̃x)] = ŷ[ρ̃x]}, (28)

where ρ̃x is the processed state via (9) and ρx = E (x).
While the robust set generally depends on the encoding

E , there are cases in which R is independent of E . In this
scenario, we say all encodings are robust to this channel.
Otherwise, the size of the robust set (i.e., number of robust
points) can vary based on the encoding, and we distinguish
between two cases. If the robust set is the set of all possible

032420-6

Initial decision boundary
Based on embedding QNN evolved

Noise effect : 
decision boundary is shiftedrobust points
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Robust Data Encoding

• (Completely Robust Data Encoding) 
We say that 𝐸 is a completely robust data encoding for the quantum classifier 
iff ℛ ℰ, 𝐸, s𝑦 = 𝒳. 
But, in practice, the robustness is determined relative to the training set. 
Therefore, we empirically observe that 𝐸 is a completely robust data encoding for 
the quantum classifier iff ℛ ℰ, 𝐸, s𝑦 = {𝑥-}-.*= .

• (Partially Robust Data Encoding) 
We say that 𝐸 is a partially robust data encoding for the quantum classifier iff 
ℛ ℰ, 𝐸, s𝑦 ⊂ 𝒳.
For 0 ≤ 𝛿 ≤1, we say that 𝐸 is a 𝜹-robust data encoding iff ℛ ℰ, 𝐸, s𝑦 = 𝛿𝑀
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Robust Data Encoding
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FIG. 4. Examples of learnable decision boundaries for a single qubit classifier with the (a) dense angle encoding, (b) amplitude encoding,
and (c) superdense angle encoding where θ = π and φ = 2π . Colors denote class labels. The QNN used here consisted of an arbitrary single
qubit rotation (see Fig. 13) with random parameters.

encodings to further illustrate the differences that arise from
different encodings.

B. Characterization of robust points

For a given quantum channel E , it is a standard exercise to
characterize the set of density operator fixed points, i.e., states
ρ ∈ Dn such that

E (ρ) = ρ. (38)

In this section, we characterize the set of robust points, for
example, quantum channels. This demonstrates the relation-
ship between robust points and fixed points which we further
elaborate on in Sec. III E. We remark that the characterizations
similar to the ones in this Section may be of independent inter-
est from a purely theoretical perspective, as robust points can
be considered a type of generalized fixed point, or symmetry,
of quantum channels.

The pure states which are fixed points of the dephasing
channel (22) are %0 := |0〉〈0| and %1 := |1〉〈1|, and

ρ = a%0 + b%1, (39)

with a + b = 1 is the general mixed-state density operator
fixed point. In contrast, let us now consider the robust points
of the same dephasing channel, which satisfy

ŷ
[
Edeph

p (ρ)
]

= ŷ[ρ] (40)

instead of (38). Certainly the state in Eq. (39) will satisfy
(40)—i.e., any fixed point is a robust point—but the set of
robust points may contain more elements. To completely char-
acterize the robust set, we seek the set of ρ ∈ D2 such that

Tr[%0ρ] ! 1/2 ⇒ Tr
[
%0Edeph

p (ρ)
]
! 1/2 (41)

and

Tr[%0ρ] < 1/2 ⇒ Tr
[
%0Edeph

p (ρ)
]

< 1/2. (42)

Using simple properties of the trace and Pauli matrices (see
Appendix A if desired), we can write

Tr
[
%0Edeph

p (ρ)
]

= (1 − p)Tr[%0ρ] + pTr[%0ZρZ]

= Tr[%0ρ].

Thus (41) and (42) are satisfied for all density operators
ρ ∈ D2. That is, every data point x ∈ X is a robust point of
the dephasing channel (independent of the encoding) for the
quantum classifier in Def. 1.

Consider now an amplitude damping channel (25) with
p = 1, for which the only fixed point is the pure state %0.
By evaluating

Tr
[
%0EAD

p (ρ)
]

= (1 − p)Tr[%0ρ] + p,

we see that a robust point σ must satisfy Tr[%0σ ] = 1. That
is, the only robust point is %0, and in this case the set of robust
points is identical to the set of fixed points.

The previous two examples illustrate how to find the robust
points of a quantum channel, and the relationship between
robust points and fixed points for the given channels. As
expected from (26) and (38), these examples confirm that

F (E ) ⊆ R(E , E, ŷ), (43)

where F (E ) denotes the set of fixed points of E . In Sec. III E,
we use this connection to generalize the above discussion and
prove the existence of robust data encodings.

C. Robustness results

In this section, we state and prove results on robust en-
codings. We first show robustness results for single qubit
classifiers with several channels in Sec. III C 1. Then, we state
and prove a robustness result for multiqubit classifiers with
(global) depolarizing noise in Sec. III C 2.

1. Single qubit classifier

First, we consider when robustness can be achieved for a
Pauli channel.

Theorem 1. Let EP
p be a Pauli channel (19) and consider

a quantum classifier on data from the set X . Then, for any
encoding E : X → D2, we have complete robustness

R
(
EP

p , E , ŷ)
)

= X

if pX + pY " 1/2. (Recall that p = [pI , pX , pY , pZ ].)
Proof. The predicted label in the noisy case is identical to

(5) with ρ̃x replaced by EP
p (ρ̃x). That is,

ŷ
[
EP

p (ρ̃x)
]

=
{

0 if Tr[%0EP
p (ρ̃x)] ! 1/2

1 otherwise.

By definition (19), we have

Tr
[
%0EP

p (ρ̃x)
]

= pI Tr[%0ρ̃x] + pX Tr[%0X ρ̃xX ]

+ pY Tr[%0Y ρ̃xY ] + pZTr[%0Zρ̃xZ].

Using straightforward substitutions (Appendix A),
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N times from the state and get an estimate of the probabilities
in terms of recorded frequencies. In this section, we discuss
implications of this finite sampling error and show how to
modify results from the previous sections to account for finite
sampling.

The first modification is to the decision rule (5). Here, we
replace the true probability px := Tr[!c

0ρ̃x] with an unbiased
estimator p̄x(N ) obtained from N samples. The modified de-
cision rule is then

ŷN [ρ̃x] =
{0 if p̄x(N ) ! 1/2

1 otherwise. (53)

Suppose we find that p̄x(N ) ! 1/2. Then, for any ε > 0, we
know that px ! 1/2 − ε with probability at least 1 − γ if we
take

N ! Nc(ε, γ ) := 1/(2ε2) ln(1/γ ) (54)

samples from px. This follows by Hoeffding’s inequality,

Pr (| p̄x(N ) − px| " ε) ! 1 − γ , (55)

which we can use since each measurement of the observable
gives a Bernoulli random variable with expectation Tr[!c

0ρ̃x].
We refer to 1 − γ as the confidence.

Before discussing robustness with finite sampling, we note
that it is in principle #P-hard to exactly determine the pre-
dicted class label since points could be within any ε > 0 from
the decision boundary. (In other words, there is no promised
gap.) In practice, we do not expect this to be a limiting issue
aside from pathological examples but it is important to note.
One could introduce a penalty term into the cost function such
that the distance ε between the boundary and the closest point
is maximized (as in support vector machines) to mitigate this
effect.

Let us now modify the definition of a robust point to ac-
count for errors due to finite sampling. As discussed, finite
sampling introduces uncertainty into the decision rule of the
classifier which carries through to robust points in the follow-
ing natural definition.

Definition 16 (ε, γ -robust point). Let 0 < ε < 1/2, 0 <
γ < 1, and E be a quantum channel. We say that the state
ρx ∈ Dn encoding a data point x ∈ X is an ε, γ -robust point
of the quantum classifier if and only if

ŷN [E (ρ̃x)] = ŷN [ρ̃x], (56)

with confidence 1 − γ . Explicitly, (56) gives two
conditions:

Tr
[
!c

0ρ̃x
]
! 1/2 − ε ⇒ Tr[!c

0E (ρ̃x)] ! 1/2 − ε (57)

with confidence 1 − γ and

Tr
[
!c

0ρ̃x
]

< 1/2 + ε ⇒ Tr
[
!c

0E (ρ̃x)
]

< 1/2 + ε (58)

with confidence 1 − γ .
This is achieved using N ! Nc(ε, γ ) := 1/(2ε2) log 1/γ

measurements in the decision rule (53).
Procedurally, we can think of this definition as follows. We

are provided with an 0 < ε < 1/2 which corresponds to how
close to the boundary we want to be able to distinguish robust
points (the farthest we can be from the boundary is 1/2), and
a 0 < γ < 1 which corresponds to how certain we want to be

about points within this region. Every point σ which satisfies

|Tr
[
σ!c

0

]
− 1/2| < ε (59)

is classified correctly with confidence 1 − γ using at least
Nc(ε, γ ) measurements. Here, σ could be either ρ̃x or E (ρ̃x)
as in (56).

We can incorporate finite sampling considerations into ro-
bustness results in the following natural way. For example,
consider Corollary (3) of Theorem 1 which states that a single
qubit classifier is unconditionally robust to depolarizing noise.
The modified statement of this theorem which accounts for
finite sampling is as follows.

Theorem 4. Let Edepo
p be a single qubit depolarizing chan-

nel and consider a quantum classifier on the set X . For any
encoding E : X → D2, let x ∈ X and ε, γ be such that

p̄x(N (ε, γ )) ! 1/2. (60)

Then, ρx = E (x) is an ε, γ -robust point.
Proof. Given x ∈ X and ε, γ such that

p̄x(N (ε, γ )) ! 1/2, (61)

we have ŷN [ρ̃x] = 0 with confidence 1 − γ . This means
that

Tr
[
!c

0ρ̃x
]
! 1/2 − ε (62)

with confidence 1 − γ . It follows that

Tr
[
!c

0Edepo
p (ρ̃x)

]
= p/2 + (1 − p)Tr

[
!c

0ρ̃x
]

! p/2 + (1 − p)(1/2 − ε)

! 1/2 − ε

with confidence 1 − γ . The analogous result can be shown
when p̄x(N (ε, γ )) < 1/2 which completes the proof. #

While the results outside of this section are stated in terms
of probabilities (i.e., without finite sampling), they can each
be modified to incorporate effects due to finite sampling in
the same manner as the above proof.

E. Existence of robust encodings

In Sec. III B, we considered example channels and charac-
terized their robust points and fixed points. We found that the
set of fixed points F (E ) is always a subset of the robust set
R(E, E , ŷ) in (43). Here, we use this connection to show that
there always exists a robust encoding for a trace-preserving
channel E [regardless of optimal unitary parameters which
may appear in the robustness condition, e.g. (46)].

Theorem 5. Existence of fixed points [68,74] . Any trace-
preserving quantum operation has at least one density operator
fixed point (38).

Using this and the observation that F (E ) ⊂ R(E, E , ŷ), we
have the following existence theorem for robust encodings.

Theorem 6. Given a data point x ∈ X , a trace-preserving
quantum channel E , and decision rule ŷ defined in (5), there
exists an encoding E such that

ŷ[E (E (x))] = ŷ[E (x)]. (63)

We note that the optimal unitary of the QNN affects the
location of the robust set but not the existence. We emphasize
that Theorem 6 is with respect to a single data point x ∈ X .
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Ansatz (가설풀이)

• 물리학과수학에서가설풀이 (독일어: Ansatz) 는어떤주어진문제를풀기
위하여그해에대하여세우는가설이다. (위키피디아)

• “Ansatz” : A trial or approximation of the form of the wavefunction that 
describes a quantum system. The goal of employing an ansatz is to simplify the 
mathematical description of a quantum state or a quantum algorithm by making 
a reasonable guess about the structure of the wavefunction. (ChatGPT)

• “Ansatz Circuit” : The core component of circuit-based quantum machine 
learning models is a parameterized quantum circuit called ansatz. 
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Parameterized Quantum Circuit

• Parameters are encoded into a unitary 𝑈(𝜃)
that is applied to the input state,

𝑈 𝜃 = 𝑈� 𝜃� ⋯𝑈* 𝜃* with 

𝑈� 𝜃� = ∏> 𝑒,-�'m'𝑊>.

Here, 𝑊> is an unparameterized unitary and 
𝐻> is a Hermitian operator

0123456789();: 

reduced state in some subsystem of qubits. Refe rences78,83 
have proposed a method to varia tionally obtain a puri-
fication ∣ ⟩ ∣ ⟩∣ ⟩ψ p ψ ϕ= ∑ i i i i  of ρ, whereas REF.84 intro-
duced a method to construct a state ∣ ⟩ ∣ ⟩∣ ⟩ρ p ψ ψ= ∑c i i i i

1  
with normalization c p= ∑ i i

2. Alternatively, one can 
train a probability distribution {pi(ϕ)} and a set of states 
∣ ⟩ψ θ{ ( ) }i i  to construct ρ as the statistical ensemble  

∣ ⟩⟨ ∣ρ ϕ θ p ϕ ψ θ ψ θ( , { }) = ∑ ( ) ( ) ( )i i i i i i i . Reference83 proposed 
to use a simple product distribution based on physical 
insights, whereas a more general proposal for energy- 
based models was introduced in REF.85. More recently, 
there has been a proposal to generate mixed states that 
uses the autoregressive model86.

Ansatz expressibility. Given the wide range of ansatzes 
one can use, a relevant question is whether a given 
architecture can prepare a target state by optimizing 
its parameters. In this sense, there are different ways 
to judge the quality of an ansatz87 by considering two 
different notions: the expressibility and the entangling 
capability of the ansatz. An ansatz is expressible if the cir-
cuit can be used to uniformly explore the entire space of 
quantum states. Thus, one way to quantify the expressi-
bility of an ansatz U(θ) is to compare the distribution of 
states obtained from U(θ) with the maximally expressive 
uniform (Haar) distribution of states UHaar. Motivated  
by this line of thought, the expressibility of a circuit is 
measured by87 ∣∣A(t)∣∣, where

∣ ⟩ ⟨ ∣

∣ ⟩ ⟨ ∣ .

⊗ † ⊗

⊗ † ⊗
∫
∫

(6)
A U U U U

U U U

( ) : = d 0 0 ( )

− d 0 0 ( )

t t t

t t

( )
Haar Haar Haar

Other expressibility measures can be considered as 
well87, and the expressibility of different ansatzes has 

been investigated further88. Reference87 also introduced 
a measure of entangling capability for ansatzes, which 
quantifies the average entanglement of states produced 
from randomly sampling the circuit parameters θ.

Quantifying expressibility for particular ansatzes 
is an active area of research87–91, with certain quantum 
architectures exhibiting higher expressibility (according 
to certain measures) relative to classical architectures90.

Gradients
Once the cost function and ansatz have been defined, 
the next step is to train the parameters θ and solve the 
optimization problem of Eq. (1). It is known that for 
many optimization tasks, using information in the cost- 
function gradient (or in higher- order derivatives) can 
help in speeding up and guaranteeing the convergence 
of the optimizer. One of the main advantages of many 
VQAs is that, as discussed below, one can analytically 
evaluate the cost- function gradient.

Parameter- shift rule. Let us consider for simplicity a cost 
function of the form in Eq. (3) with fk(x) = x, and let θl be 
the lth element in θ, which parameterizes a unitary eiθ σl l 
in the ansatz. Here, σl is a Pauli operator. Surprisingly, 
there is a hardware- friendly protocol to evaluate the 
partial derivative of C(θ) with respect to θl, often 
referred to as the parameter- shift rule92–95. Explicitly, the 
parameter- shift rule states that the equality

†

†

∑C
θ α

O U θ ρ U θ

O U θ ρ U θ

∂
∂

= 1
2sin

(Tr[ ( ) ( )]

−Tr[ ( ) ( )] ),
(7)l k

k k

k k

+ +

− −

with θ± = θ ± αel, holds for any real number α. Here,  
el is a vector having 1 as its lth element and 0 otherwise. 
Equation (7) shows that one can evaluate the gradient 
by shifting the lth parameter by some amount α. Note 
that the accuracy of the evaluation depends on the coef-
ficient α1/(2sin ), since each of the ±α terms is evaluated 
by sampling Ok. This accuracy is maximized at α = π/4, 
since α1/sin  is minimized at this point. Although the 
parameter- shift rule might resemble a naive finite differ-
ence, it evaluates the analytical gradient of the parameter 
by virtue of the coefficient α1/sin . A detailed comparison 
between the parameter- shift rule and the finite differ-
ence can be found elsewhere96. Finally, the gradient for 
more general fk(x) can be obtained from Eq. (7) by using 
the chain rule.

Other derivatives. Higher- order derivatives of the cost 
function can be evaluated by straightforward extensions 
of the parameter- shift rule. For example, the second 
derivative for the previous example can be written as

†

†

†

∑

C
θ

α
O U θ α ρ U θ α

O U θ α ρ U θ α

O U θ ρ U θ

e e

e e

∂
∂

= 1
4sin

(Tr[ ( + 2 ) ( + 2 )]

+Tr[ ( − 2 ) ( − 2 )]

−2Tr[ ( ) ( )]),

l

k
k l k l

k l k l

k k

2

2

2

U (θ) U1
 (θ1) U2

 (θ2) UL
 (θL)=

Fig. 3 | Schematic diagram of an ansatz. The unitary U(θ), with θ a set of parameters, 
can be expressed as a product of L unitaries Ul(θl) sequentially acting on an input  
state. As indicated, each unitary Ul(θl) can in turn be decomposed into a sequence  
of parameterized and unparameterized gates.
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Layered Gate Ansatz

• A layer is a sequence of gates that is repeated. The number of repetitions of a layer forms a 
hyperparameter of the variational circuit. The layer can be decomposed into two overall unitaries
A and B.

• Block A contains single-qubit gates applied to every subsystem or wire (qubits). Block B consists of 
both single-wire gates as well as entangling gates
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Layered Gate Ansatz
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<A parametrized, B fixed> <A parameterized, B parameterized> <A fixed, B parametrized>



Alternating Operator Ansatz

• We use layers of two blocks, but the difference is that here we apply the unitaries representing 
the Hamiltonians A and B which are evolved for a short time ∆𝑡.

• The idea of this ansatz is based on analogies to adiabatic quantum computing, in which the 
system starts in the ground state of A and adiabatically evolves to the ground state of B. Quickly 
alternating applications of A and B for very short time ∆𝑡 can be used as a heuristic to 
approximate this evolution
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Tensor Network Ansatz

• Gate sequence inspired by tensor networks. The simplest one is a tree architecture that 
consecutively entangles subsets of qubits. 

• Another tensor network is based on matrix product states. 
The circuit unitaries can be decomposed in different ways, 
and their size corresponds to the “bond dimension” of the 
matrix product state – the higher the bond dimension, the 
more complex the circuit ansatz.
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Hardware efficient (friendly) Ansatz

• The hardware efficient ansatz is a generic name used for ansatzes that are aimed at reducing the 
circuit depth needed to implement 𝑈(𝜃) when using a given quantum hardware.

• One uses unitaries 𝑊( and 𝑒/!0#1# that are taken from a gate set determined from the 
connectivity and interactions specific to a quantum hardware which avoids the circuit depth 
overhead arising from translating an arbitrary unitary into the sequence of native gates
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Ansatz Expressibility

• Given the wide range of ansatzes one can use, a relevant question is whether a 
given architecture can prepare a target state by optimizing its parameters.
• Two ways to judge the quality of an ansatz: expressibility and entangling 

capability
• An ansatz is expressible if the circuit can be used to uniformly explore the entire 

space of a quantum state. One way to quantify the expressibility of an ansatz 
𝑈 𝜃 is to compare the distribution of states obtained from 𝑈 𝜃 to the 
maximally expressive uniform (Haar) distribution of states 𝑈mKKn, 
𝐴 R 𝑈 = ∫𝑑𝑈mKKn𝑈mKKn

⨂R < ⟩0 ⟨ |0 𝑈mKKn
P ⨂R

− ∫𝑑𝑈𝑈⨂R< ⟩0 ⟨ |0 𝑈P
⨂R

.

• A measure of entangling capability for ansatz quantifies the average 
entanglement of states produced from randomly sampling the circuit parameter 
𝜃.
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