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Stabilizer Code Construction
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Stabilizer Code

• Pauli group over n qubits is defined as
!" = $ × &' ⨂ &) ⨂⋯⨂ &"| $ ∈ ±1,±0 , &1 ∈ !' = 2, 3, 4, 5 ,

where each element of !' is defined as
2 = 1 0

0 1 , 3 = 0 1
1 0 , 4 = 1 0

0 −1 , 89: 5 = 034 = 0 −0
0 0

• Stabilizer code space ;: vector space spanned by the normalized n-qubit complex vectors.
• Each complex vector is fixed (stabilized) by the stabilizer group <.
• Stabilizer group is an abelian subgroup of =>.

• Stabilizer group can be fully generated by a minimal set of generators (stabilizer generators ?).
“8 @ A = A @ 8”

Pauli gate acting on the qubit i

independent
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Stabilizer Generators and Code Space

• [[n,k]] stabilizer code is defined by n-k independent stabilizer generators.

• Stabilizer generators have to satisfy the following two conditions,
• (commutativity) !" # !$ = !$ # !", ∀!" and ∀!$ ∈ ,
• (code space) −. ∉ ,

• Stabilizer code space 0 with respect to , is defined as
0 = 1234 | ⟩7 | !"| ⟩7 = | ⟩7 , ∀!" ∈ ,

• Every codeword is a common eigenvector of all stabilizer generators , with eigenvalue +1

!" ∈ 89

−1 × .⨂9
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[[n,k]] Stabilizer Code (1/2)

• An [[n,k]] stabilizer code encodes k-qubit quantum information into n physical qubits.
• For example, 

[[5,1,3]] stabilizer code:

| ⟩# = %| ⟩0 + (| ⟩1
5 physical qubits

encoding

| ⟩# = %| ⟩0 + (| ⟩1
decoding

Code space : 21-dimensional subspace of 25-dimensional vector space

| ⟩# * = %| ⟩0 * + (| ⟩1 *

Elements: linear superposed vectors based on 
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[[n,k]] Stabilizer Code (2/2)

• An [[n,k]] stabilizer code encodes k-qubit quantum information into n physical qubits.
• For example, 

[[8,3,3]] stabilizer code:

| ⟩#$ | ⟩#% | ⟩#&

8 physical qubits
encoding

decoding

Code space : 23-dimensional subspace of 28-dimensional vector space

Elements: 21-dim subspace for | ⟩#' ( where ) = 1,2,3

| ⟩#$ | ⟩#% | ⟩#&
| ⟩#$ (| ⟩#% (| ⟩#& (
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Basis

• Basis of a physical qubit: | ⟩0 and | ⟩1 . %| ⟩0 = | ⟩0 , '| ⟩0 = | ⟩1

• Logical Basis for an [[n, k]] stabilizer code:
• k=1:

• | ⟩0 ( and | ⟩1 (,	| ⟩+ ( = ,| ⟩0 ( + .| ⟩1 (
• /0| ⟩+ (= | ⟩+ (, ∀/0 ∈ 3 and %(| ⟩0 (= | ⟩0 (, '(| ⟩0 (= | ⟩1 (

• k>1:
• | ⟩0 (

0 and | ⟩1 (
0 for 7 = 1,2, . . , :. | ⟩+ (

0 = ,| ⟩0 (
0 + .| ⟩1 (

0

• /0| ⟩+ (
0 =| ⟩+ (

0 , ∀/0 ∈ 3
• %(0 | ⟩0 (

0 = | ⟩0 (
0 and '(0 | ⟩0 (

0 = | ⟩1 (
0

<latexit sha1_base64="oIxGXg95kuKYqf4dnKeda2BAmo4=">AAACJnicbVDNS8MwHE39nPOr6tFLcAge5mjFr4PCwIsHDxPcB66zpFm2haZpSVJhlP41XvxXvHiYiHjzTzHrCurmg8DLe79H8ntexKhUlvVpzM0vLC4tF1aKq2vrG5vm1nZDhrHApI5DFoqWhyRhlJO6ooqRViQICjxGmp5/Nfabj0RIGvI7NYxIJ0B9TnsUI6Ul17x0GOJ9RmDftcvQwd1QybK+JPzQT8vw3r15SOz0x8kEP3VElnLNklWxMsBZYuekBHLUXHPkdEMcB4QrzJCUbduKVCdBQlHMSFp0YkkihH3UJ21NOQqI7CTZminc10oX9kKhD1cwU38nEhRIOQw8PRkgNZDT3lj8z2vHqnfeSSiPYkU4njzUixlUIRx3BrtUEKzYUBOEBdV/hXiABMJKN1vUJdjTK8+SxlHFPq2c3B6Xqhd5HQWwC/bAAbDBGaiCa1ADdYDBE3gBI/BmPBuvxrvxMRmdM/LMDvgD4+sbBd+kUA==</latexit>

hg1, · · · , gn�k, Z
1
L, · · · , Zk

Li
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Stabilizer Code vs Classical Linear Code

• Stabilizer code is quantum analogue of classical linear code.
• (Linear code) Codewords are generated by generator matrix and stabilized by parity check matrix
• (Stabilizer code) Codewords are generated and stabilized by stabilizer (à quantum parity check matrix)

9

Linear Code Stabilizer Code
parity check matrix Error

Checker
stabilizer (stabilizer generator)

! ∈ #$%×' ( = *+, . . , *% , *. ∈ /'(#$+×$')
! 2 3 = 0 Condition *. 2 *5 = *5 2 *.
6 = 37, 

x: information, y: codeword Encoding | ⟩0 : = ∏ 1 + *. | ⟩0⋯0

?6 = 6 + @, @ ∈ #$' Erroneous
Codeword

A| ⟩B : = C(D + @) | ⟩B :, @ ∈ /'
! ?6 = E Syndrome *.A| ⟩B :| ⟩0 F =A| ⟩B :| ⟩E F



Normalizer

• Stabilizer ! is an abelian subgroup of "#.
• For stabilizer !, 

• Normalizer of !, $ ! , is a set of an operator ℰ such that ℰ&ℰ' ∈ ! for all & ∈ ).
• ! ⊂ $ ! ⊂ "#

"#

$ !
!

“ℰ& = &ℰ”

anti-commutable with !, &, / = 0
commutable with !, &, / = 0

à If an element in $ ! occurs to a stabilizer codeword as an error, 
it can not be detected !!
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Error Correction Condition

• Let ! be the stabilizer for a stabilizer code ". Suppose that {ℰ$} is a set of operators in %& such 
that ℰ$'ℰ( ∉ * ! − ! for all j and k. Then, {ℰ$} is a correctable set of errors for the code ".

%&

* !
!

• Detectable error : ℰ ∈ ! or ℰ ∈ %& − * !
• Undetectable error : ℰ ∈ * ! − !

• Code distance: the minimum weight of an element in * ! − !

manipulate the stabilizer codewords 
(à logical operator of Stabilizer code)

Undetectable error
Logical operator

For [[7,1,3]] Steane code (d=3), -. = -0-1-2 (Nielsen and Chuang)
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Binary vector representation of Pauli operator

• 1-qubit Pauli operator !" can be represented by a 2-bit vector (without phase information)
# = 0 0 , ' = 1 0 , ) = 0 1 and * = 1 1
# = '+)+, ' = '")+, ) = '+)" and * = '")"

• n-qubit Pauli operator !, is represented by a 2n-bit vector.
For example, '))'# = 10010 01100

1st qubit 4-th qubit
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Matrix Representation of Stabilizer Code

• n-k Stabilizer written in Pauli operator can be represented by binary matrix as follows

where Gx and Gz are binary matrices of size n-k x n.
• Note that the matrices Gx and Gz satisfy the symplectic inner product condition,

• For example, 

<latexit sha1_base64="3LQUm1t+TmqbQ5IO8dDoMS3MI2w="></latexit>

G =
⇥
GX GZ

⇤

<latexit sha1_base64="oBK+KXlnWHoxnaRH2s5iuS/TocU="></latexit>

GX ·GT
Z +GZ ·GT

X = 0 (mod 2)

<latexit sha1_base64="LzZy2ag6B6Jznl/9JxmzQjPCd1U="></latexit>

G[[5,1,3]] =

0

BB@

X Z Z X I
I X Z Z X
X I X Z Z
Z X I X Z

1

CCA

<latexit sha1_base64="UhEdPyVPMEkDG8vaqvj/Zkw3xQA="></latexit>

!

2

664

1 0 0 1 0 0 1 1 0 0
0 1 0 0 1 0 0 1 1 0
1 0 1 0 0 0 0 0 1 1
0 1 0 1 0 1 0 0 0 1

3

775
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Examples

• Developing a stabilizer code equals to find a pair of two binary matrices satisfying the SIP 
condition. 

• There exist quantum versions of BCH, Reed-Solomon, Reed-Muller, Convolutional, LDPC, Polar, .., 
by properly modifying the parity check matrices of the classical codes.

14

1 0 1   0 1 0 1   0 1 0 1   0 1 0 1
0 1 1   0 0 1 1   0 0 1 1   0 0 1 1
0 0 0   1 1 1 1   0 0 0 0   1 1 1 1
0 0 0   0 0 0 0   1 1 1 1   1 1 1 1

1 0 0   0 1 0 0   0 1 0 0   0 1 0 0
0 1 0   0 0 1 0   0 0 1 0   0 0 1 0
0 0 1   0 0 0 1   0 0 0 1   0 0 0 1
0 0 0   1 0 1 0   0 0 0 0   1 0 1 0
0 0 0   0 1 0 1   0 0 0 0   0 1 0 1
0 0 0   0 0 1 1   0 0 0 0   0 0 1 1
0 0 0   0 0 0 0   1 0 1 0   1 0 1 0
0 0 0   0 0 0 0   0 1 0 1   0 1 0 1
0 0 0   0 0 0 0   0 0 1 1   0 0 1 1
0 0 0   0 0 0 0   0 0 0 0   1 1 1 1

Gx= Gz= !"!#$ + !#!"$ = 0

[[15,1,3]] RM Code



Revisit of QECC in terms of 
Stabilizer Formalism

17



2-qubit Bell State

• State Representation

• Stabilizer Generators

<latexit sha1_base64="YlNEp6GjOu6lHHgsYjNmZst1yhQ="></latexit>

|�+i = 1p
2

⇣
|00i+ |11i

⌘

<latexit sha1_base64="gtMbRg1YfFmc/xuURalDjPGEBx0="></latexit>

X1X2|�+i = X1X2
1p
2

⇣
|00i+ |11i

⌘
=

1p
2

⇣
|00i+ |11i

⌘

<latexit sha1_base64="FLpzflCXaRaUC1iUuPVDO0M135M="></latexit>

Z1Z2|�+i = Z1Z2
1p
2

⇣
|00i+ |11i

⌘
=

1p
2

⇣
|00i+ |11i

⌘

<latexit sha1_base64="uhZE3nBPC/+3koycNu4mV9IdPLY=">AAACFXicbVDNSsNAGNz4W+tf1KOXxSJ4KCUpRb0IBQ96rGDb0CaEzXbbLt1swu5GKKEv4cVX8eJBEa+CN9/GTZqDtg4sDDPfx7czQcyoVJb1baysrq1vbJa2yts7u3v75sFhR0aJwKSNIxYJJ0CSMMpJW1HFiBMLgsKAkW4wuc787gMRkkb8Xk1j4oVoxOmQYqS05JtVN0RqjBFLb2bwCroM8REj0PFtx69XYc+3e34duiKXfbNi1awccJnYBamAAi3f/HIHEU5CwhVmSMq+bcXKS5FQFDMyK7uJJDHCEzQifU05Con00jzVDJ5qZQCHkdCPK5irvzdSFEo5DQM9mWWQi14m/uf1EzW89FLK40QRjueHhgmDKoJZRXBABcGKTTVBWFD9V4jHSCCsdJFlXYK9GHmZdOo1+7zWuGtUms2ijhI4BifgDNjgAjTBLWiBNsDgETyDV/BmPBkvxrvxMR9dMYqdI/AHxucPlxOdMg==</latexit>

G = hX1X2, Z1Z2i
<latexit sha1_base64="OFPbYe4DgVgwSKWloTtfXlujI6M="></latexit>

g|�+i = |�+i, 8g 2 S generated by G

<latexit sha1_base64="E/LGjBAxPicHsrcDWED4omZwSnA="></latexit>

|�±i = 1p
2

⇣
|00i± |11i

⌘
, | ±i = 1p

2

⇣
|01i± |10i

⌘
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3-qubit Cat State

• State Representation

• Stabilizer Generators

<latexit sha1_base64="JcpXf9zwEx2ZuFluBIWecYLzL5Q="></latexit>

|cati = 1p
2

⇣
|000i+ |111i

⌘

<latexit sha1_base64="rrHXteEKHBWCOaxNoa/5L5yWibE="></latexit>

X1X2X3|cati = X1X2X3
1p
2

⇣
|000i+ |111i

⌘
=

1p
2

⇣
|000i+ |111i

⌘

<latexit sha1_base64="rAWZ0I9v8HzG+Gp2kT84TyjduuU="></latexit>

Z1Z2|cati = Z1Z2
1p
2

⇣
|000i+ |111i

⌘
=

1p
2

⇣
|000i+ |111i

⌘

<latexit sha1_base64="tMOo2x1DSgSSeEy++6bqSV5r1F4="></latexit>

Z2Z3|cati = Z2Z3
1p
2

⇣
|000i+ |111i

⌘
=

1p
2

⇣
|000i+ |111i

⌘

<latexit sha1_base64="baw17Q1fSB+pj2jB6A5Vn3Chg3o=">AAACIHicbVDNSgMxGMz6W+tf1aOXYBE8SNlti/UiFDzosYJtl3ZLyKZpG5rNLklWKEsfxYuv4sWDInrTpzG77UFbPwgZZuYjmfEjzpS27S9rZXVtfWMzt5Xf3tnd2y8cHLZUGEtCmyTkoXR9rChngjY105y6kaQ48Dlt++PrVG8/UKlYKO71JKK9AA8FGzCCtaFQoeYFWI8I5snNFF5Bj2Mx5BS6yHFR2UWVc9hBTgeV07vcQRXoycyBCkW7ZGcDl4EzB0UwnwYqfHr9kMQBFZpwrFTXsSPdS7DUjHA6zXuxohEmYzykXQMFDqjqJVnAKTw1TB8OQmmO0DBjf28kOFBqEvjGmcZRi1pK/qd1Yz247CVMRLGmgsweGsQc6hCmbcE+k5RoPjEAE8nMXyEZYYmJNp3mTQnOYuRl0CqXnItS9a5arNfndeTAMTgBZ8ABNVAHt6ABmoCAR/AMXsGb9WS9WO/Wx8y6Ys13jsCfsb5/AH0RoK0=</latexit>

G = hX1X2X3, Z1Z2, Z2Z3i
<latexit sha1_base64="IAQPCKr8R4S9Z0ySky5iicA5WCY="></latexit>

g|cati = |cati, 8g 2 S generated by G

19



n-qubit Cat State

• State Representation

• Stabilizer Generators

<latexit sha1_base64="mKqxN++42gTrgbr5jZQDglpK3To="></latexit>

|n� cati = 1p
2

⇣
|0i⌦n + |1i⌦n

⌘

<latexit sha1_base64="qLflMhykCJqQzDTDO97PS7vk8RQ="></latexit>

X⌦n|n� cati = X⌦n 1p
2

⇣
|0i⌦n + |1i⌦n

⌘
=

1p
2

⇣
|0i⌦n + |1i⌦n

⌘

<latexit sha1_base64="qbPdf1iLqV1AokX73MIZePzrKac="></latexit>

ZiZi+1|n� cati = ZiZi+1
1p
2

⇣
|0i⌦n + |1i⌦n

⌘
=

1p
2

⇣
|0i⌦n + |1i⌦n

⌘
, for i = 1 · · ·n� 1

<latexit sha1_base64="is/cdxuuE9SmdHEn9rRTMjo6j2E="></latexit>

G = hX1 · · ·Xn, Z1Z2, · · · , Zn�1Zni
<latexit sha1_base64="GkRowuiSsJvuGqtRu6F8qLqxgww="></latexit>

g|n� cati = |n� cati, 8g 2 S generated by G

20



3-qubit Bit-Flip/Phase-Flip Code

• Bit-Flip (X) Code
<latexit sha1_base64="SO//Vxk4KCdPpBXplKODtyC0iAk=">AAACHXicbVDLSgMxFM34rPU16tJNsAgupCRS1I1QcOPCRQX7gLaUTJppQzOZIckIZVo/xI2/4saFIi7ciH9j2o5iWw8Ezj3nXm7u8SLBtUHoy1lYXFpeWc2sZdc3Nre23Z3dig5jRVmZhiJUNY9oJrhkZcONYLVIMRJ4glW93uXIr94xpXkob00/Ys2AdCT3OSXGSi23MEANRWRHsNY1vIADhH7q4/sBnrIw/q3dHMqjMeA8wSnJgRSllvvRaIc0Dpg0VBCt6xhFppkQZTgVbJhtxJpFhPZIh9UtlSRgupmMrxvCQ6u0oR8q+6SBY/XvREICrfuBZzsDYrp61huJ/3n12PjnzYTLKDZM0skiPxbQhHAUFWxzxagRfUsIVdz+FdIuUYQaG2jWhoBnT54nlZM8Ps0Xbgq5YjGNIwP2wQE4AhicgSK4AiVQBhQ8gCfwAl6dR+fZeXPeJ60LTjqzB6bgfH4Dw+igfA==</latexit>

|0iL = |000i, |1iL = |111i

<latexit sha1_base64="S2l77P3lp2U+khIPQaBmw/aooBU="></latexit>

G =

✓
Z Z I
I Z Z

◆
syndrome

-1
1

-1
-1

1
-1

Error X1
X2

X3

X1       X2

X2 X3

X1 X3detectable error

correctable error

X1 X2 X3 (+1, +1)undetectable error

• Phase-Flip (Z) Code
<latexit sha1_base64="wBnt90h0eOlFHflYQC1VGtX4QxA=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQasuM1MdCoeDGhYsK9gHtUDJppg3NZIYkI5Rp/RA3/oobF4q4cCP+jWk7gm09EDj3nHu5uccNGZXKsr6N1MLi0vJKejWztr6xuWVu71RlEAlMKjhggai7SBJGOakoqhiph4Ig32Wk5vauRn7tnghJA36n+iFxfNTh1KMYKS21zOLAagrEO4y0buAlHORyuaQ+ehjYU1Y+n/+tzaxVsMaA88ROSBYkKLfMz2Y7wJFPuMIMSdmwrVA5MRKKYkaGmWYkSYhwD3VIQ1OOfCKdeHzdEB5opQ29QOjHFRyrfydi5EvZ913d6SPVlbPeSPzPa0TKO3diysNIEY4ni7yIQRXAUVSwTQXBivU1QVhQ/VeIu0ggrHSgGR2CPXvyPKkeF+zTwsltMVu6SOJIgz2wDw6BDc5ACVyDMqgADB7BM3gFb8aT8WK8Gx+T1pSRzOyCKRhfP5etoF4=</latexit>

|0iL = |+++i, |1iL = |���i

<latexit sha1_base64="ZS4sHowS2BjKZ5v3scCkd/xUV1Y="></latexit>

| iL = ↵|0iL + �|1iL ! ↵|1iL + �|0iL

<latexit sha1_base64="Rp3CzKRrwqym2TECGr/QndGg3TA="></latexit>

G =

✓
X X I
I X X

◆
-1
1

-1
-1

1
-1

Error Z1
Z2

Z3

Z1 Z2

Z2 Z3

Z1 Z3detectable error

correctable error

Z1 Z2 Z3 (+1, +1)undetectable error
<latexit sha1_base64="ZS4sHowS2BjKZ5v3scCkd/xUV1Y="></latexit>

| iL = ↵|0iL + �|1iL ! ↵|1iL + �|0iL 21



[[5,1,3]] Code

<latexit sha1_base64="GZgkYShfiqGoIa37Py7XwybmXC8="></latexit>

G =

0

BB@

X Z Z X I
I X Z Z X
X I X Z Z
Z X I X Z

1

CCA ,

2

664

1 0 0 1 0 0 1 1 0 0
0 1 0 0 1 0 0 1 1 0
1 0 1 0 0 0 0 0 1 1
0 1 0 1 0 1 0 0 0 1

3

775

• The minimum code for correcting arbitrary 1-qubit error (quantum singleton bound)

22
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[[9,1,3]] Shor Code

• Concatenation of Bit-Flip Code and Phase-Flip Code

• The location of 1-qubit phase flip (Z) error cannot be identified, but the codeword can be 
successfully recovered.
For example, Z1 and Z2 (or Z3) leads to the same error syndromes.

<latexit sha1_base64="TXT3BqGMCVUmEI9+i0jiY2kSllI="></latexit>

G =

0

BBBBBBBBBB@

Z Z I I I I I I I
I Z Z I I I I I I
I I I Z Z I I I I
I I I I Z Z I I I
I I I I I I Z Z I
I I I I I I I Z Z
X X X X X X I I I
I I I X X X X X X

1

CCCCCCCCCCA

<latexit sha1_base64="JDpOcOc0Z8ISG7aNkbZI+3aHgvQ="></latexit>

|0iL =
1

2
p
2

�
|000i+ |111i

��
|000i+ |111i

��
|000i+ |111i

�

|1iL =
1

2
p
2

�
|000i � |111i

��
|000i � |111i

��
|000i � |111i

�
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[[7,1,3]] Steane Code

• [[7,1,3]] Steane code based on a pair of [7,4,3] Hamming codes
<latexit sha1_base64="+mXWf7mhFxCgyifXRC5ROx+0yUU="></latexit>

G[[7,1,3]] =

0

BBBBBB@

I I I X X X X
I X X I I X X
X I X I X I X
I I I Z Z Z Z
I Z Z I I Z Z
Z I Z I Z I Z

1

CCCCCCA

<latexit sha1_base64="dZ2jDCBtfB1yZmHXofhNpuLa2wM="></latexit>

H =

0

@
0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1

1

A! "
" ! where

parity check matrix of [7,4,3] Hamming code

detecting phase-flip error

detecting bit-flip error

24



CSS Code

• Suppose C1 and C2 are [n, k1] and [n,k2] classical linear codes such that !" ⊂ !$ and !$ and !"%
both correct t errors. Then, CSS code can be defined with the following stabilizer (matrix form).

&(!"%) 0
0 &(!$)

with & !"% ×& !$ + = 0

• If !$ = !"%, then the code is called self-dual.
• For example, [[7,1,3]] Steane code is defined the stabilizer 

& 0
0 & ,                  where 

<latexit sha1_base64="dZ2jDCBtfB1yZmHXofhNpuLa2wM="></latexit>

H =

0

@
0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1

1

A

25



CSS code and non-CSS code

• Note that each stabilizer operator of a CSS code is composed of solely X or Z (see [[7,1,3]] code or 
[[9,1,3]] code). 
On the contrary, non-CSS code (stabilizer code outside class of CSS codes) is defined by stabilizers 
composed of mixed X and Z (see [[5,1,3]] code).

QECC Stabilizer code

CSS code

non-CSS code

<Hierarchy of QECC>
26



Standard Form of Stabilizer Code

27



Standard Form

• Matrix Form of Stabilizer Code can be transformed to the so-called Standard Form via Gaussian 
Elimination as follows,

<latexit sha1_base64="3LQUm1t+TmqbQ5IO8dDoMS3MI2w="></latexit>

G =
⇥
GX GZ

⇤ <latexit sha1_base64="0w55b7srdTcwxori2rFZdhohTcI="></latexit>

G =


I A1 A2 B O C

O O O D I E

�
GE

28



Encoded Pauli Operator

• Encoded Pauli operators !" and $̅ can be found from Standard Form as follows,

• They satisfy the conditions
• Stabilizer and encoded Pauli X (Z) are mutually commutable.
• The encoded Pauli-X !"% are mutually anti-commuting with $̅%, but commutable with others $̅&.

<latexit sha1_base64="0w55b7srdTcwxori2rFZdhohTcI="></latexit>

G =


I A1 A2 B O C

O O O D I E

� <latexit sha1_base64="y4vn2giuX41uyJre0Ilp4yQPb8o="></latexit>

X̄ =
⇥
O E

T
I C

T
O O

⇤

Z̄ =
⇥
O O O A2

T
O I

⇤

<latexit sha1_base64="v7AmV7gqtM7NaQ/dXASFQ6jAiUw=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARXEhJpFY3QsGNywr2gkkIk+mkHZ1MwsxEKKFP4sZXceNCEcGVvo3TNAtte2Dg4//P4cz5g4RRqSzrxygtLa+srpXXKxubW9s75u5eR8apwKSNYxaLXoAkYZSTtqKKkV4iCIoCRrrBw9XE7z4SIWnMb9UoIV6EBpyGFCOlJd88czM3QCLrjX16AnO80+iO4SV0Fjj3njYs36xaNSsvOA92AVVQVMs3v9x+jNOIcIUZktKxrUR5GRKKYkbGFTeVJEH4AQ2Io5GjiEgvy88bwyOt9GEYC/24grn6dyJDkZSjKNCdEVJDOetNxEWek6rwwssoT1JFOJ4uClMGVQwnWcE+FQQrNtKAsKD6rxAPkUBY6UQrOgR79uR56JzW7EatflOvNhtFHGVwAA7BMbDBOWiCa9ACbYDBE3gBb+DdeDZejQ/jc9paMoqZffCvjO9fvYGhjQ==</latexit>

{X̄i, Z̄i} = [X̄i, Z̄j ] = 0
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Effective Error Detection

• For a certain stabilizer code, there exist so many different stabilizer generator sets.

• For example, for [[7,1,3]] Steane code,

for an error X1, both stabilizers give the syndromes (+1,+1,+1,+1,+1,-1) and (+1,+1,+1,-1,+1,-1) 
respectively. 

• For practical use, we need a standard stabilizer

<latexit sha1_base64="+mXWf7mhFxCgyifXRC5ROx+0yUU="></latexit>

G[[7,1,3]] =

0

BBBBBB@

I I I X X X X
I X X I I X X
X I X I X I X
I I I Z Z Z Z
I Z Z I I Z Z
Z I Z I Z I Z

1

CCCCCCA

<latexit sha1_base64="RoGYwV10KPpzRyIP81SLmcgqRIg="></latexit>

G[[7,1,3]]0 =

0

BBBBBB@

X I I I X X X
I X I X I X X
I I X X X X I
Z I Z Z I I Z
I Z Z I Z I Z
Z Z Z I I Z I

1

CCCCCCA
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Encoding, Decoding, and 
Correction with Stabilizer Code
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Encoding (1/2)

• Encoding by projection onto common eigenvector with an eigenvalue +1
• Note that ⁄1 + $% 2 is a projector onto the +1 eigenspace of $%.

• | ⟩0 * = ⋂%-./01+1 23$2456782 9: $%

<latexit sha1_base64="g6uC/xIU61CVl440ciBM2oXru6Q="></latexit>

|0iL =
⇣n�kX

i=1

gi
⌘
|0 · · · 0i

=
1

2n�k
(1 + g1)(1 + g2) · · · (1 + gn�k)|0 · · · 0i
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Encoding (2/2)

• From Standard Form, it is possible to generate an encoding circuit.

33



Measure X/Z

• Quantum circuit for measuring a single qubit operator M with eigenvalues ±1

• The following circuits are used to measure X (Z) stabilized 1-qubit state.

1

|0i H • H

M 1

|0i H • H

X

|0i H • H

Z

1

|0i H • H

X

|0i H • H

Z

| ⟩+ 0
| ⟩− 1
| ⟩0 / | ⟩1 0 / 1 w.p. 0.5 34



Measure Stabilizer

<latexit sha1_base64="RoGYwV10KPpzRyIP81SLmcgqRIg=">AAAC4XicbVJNb9NAEF2bjxbzFeDIZUUEFKmKbBpRLpUqcYDeikTaKLYbrTfjZNX12todI0WWb71wACGu/Ctu/BOOrBM3StOONNq3783br9mkkMKg7/913Fu379zd2r7n3X/w8NHjzpOnJyYvNYcBz2WuhwkzIIWCAQqUMCw0sCyRcJqcf2j006+gjcjVF5wXEGdsqkQqOENLjTv/oozhjDNZfazPqjDc3w129+L4dU0PvEhCij telMBUqIppzeZ1xZdRe0P6ih6t5XCVUeRdEpvjSrzquCyy4qgVR20ereatc10YrYujG1129CJQk/b8XqTFdIZvvHGn6/f8RdDrIGhBl7RxPO78iSY5LzNQyCUzJgz8AmO7LAouwS5cGigYP2dTCC1ULAMTV4sO1fSlZSY0zbVNhXTBrjsqlhkzzxJb2fTDbGoNeZMWlpi+jyuhihJB8eVGaSkp5rRpN50IDRzl3ALGtbBnpXzGNONoP0XzCMHmla+Dk7e94F2v/7nfPey3z7FNnpMXZIcEZJ8ckk/kmAwId86cC+e788Pl7jf3p/trWeo6recZuRLu7/902ckq</latexit>

G[[7,1,3]]0 =

0

BBBBBB@

X I I I X X X
I X I X I X X
I I X X X X I
Z I Z Z I I Z
I Z Z I Z I Z
Z Z Z I I Z I

1

CCCCCCA

Error 
syndrome
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Decoding / Correction

• (Decoding) Generally, infer a quantum error from syndrome outcomes.
• For a fixed sized code, it is possible to build up a look up table beforehand.
• For an [[n,k,d]] stabilizer code à table of size 2n-k

• For example [[3,1,3]] Bit-Flip code, 

• (Correction) Apply the inverse of the decoded quantum error.

Z1Z2 Z2Z3 Error

+1 +1 No Error

+1 -1 X3

-1 +1 X1

-1 -1 X2

36



37


