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Stabilizer Code Construction



Stabilizer Code

— Pauli gate acting on the qubit i

* Pauli group over n qubits is defined as

:Pn — {C( X P1 ®p2 ®®pn| a € {il, il}, pi|€ P = {I,X,Z,Y}},
where each element of P; is defined as

1=(; Dx=0 o)z=(y °)aar=ixz=0 )

 Stabilizer code space C: vector space spanned by the normalized n-qubit complex vectors.
* Each complex vector is fixed (stabilized) by the stabilizer group S.

* Stabilizer group is an abelian subgroup of P,,.

»“a-b=b-a"

 Stabilizer group can be fully generated by a minimal set of generators (stabilizer generators §).
independent



Stabilizer Generators and Code Space

[[n,k]] stabilizer code is defined by n-k independent stabilizer generators.

Stabilizer generators have to satisfy the following two conditions,
* (commutativity) g, - g; = g; - 9i, Vg, and Vg; € §
* (code space) —I € G

Stabilizer code space C with respect to G is defined as

C = span ({ [Y) | gilY) = [Y),Vg; € G})

Every codeword is a common eigenvector of all stabilizer generators § with eigenvalue +1

giE:Pn



[[n,k]] Stabilizer Code (1/2)

* An [[n,k]] stabilizer code encodes k-qubit quantum information into n physical qubits.

* For example,
[[5,1,3]] stabilizer code:

encoding
[Y) = «|0) + B[1)
’. ________ 5 physical qubits
L o oY), =al0), + BI1),
|Y) = a|0) + B]1) <« 102) =41[IOOOOO)+|1(_)01_10)+|01661)+|10§69?r

~ +{01010) — |11011) — [00110) — [11000)
; 11) — [11110) — |01111)
00) — [10111) + [00101)

decoding

1)+ [10110) + [01011) -
0) — [11001) — 00111)

— Elements: linear superposed vectors based on —00010) — [11100) — 00001) — [10000)
— 01110) — |10011) — [01000) +61010)]

Code space : 21-dimensional subspace of 2°-dimensional vector space




[[n,k]] Stabilizer Code (2/2)

* An [[n,k]] stabilizer code encodes k-qubit quantum information into n physical qubits.

* For example,
[[8,3,3]] stabilizer code: 8 physical qubits
encoding

1) [W2)3)

decoding V1), [W2), [¥s3),

Y P2 YPs3) <

Code space : 23-dimensional subspace of 28-dimensional vector space

— Elements: 21-dim subspace for [1);), where i = 1,2,3



Basis

 Basis of a physical qubit: |0) and [1). Z|0) = |0), X|0) = [1)

* Logical Basis for an [[n, k]] stabilizer code:
o k=1:
* [0), and [1),, [¥), = «|0), + B[1),
* gillp)Lz Il/}>LI vgl € g and ZL|O>L= |O>LI XL|0>L= |1>L

e k>1:
+ 10) and 1)} fori = 1,2,.., k. [9). = |0} + g|1)!
« 9ilY),=lY),, Vg €G
* Z{|0), =0), and X}|0), = |1),

:<gla"' 7gn—k’72%,7"' 7Z

)



Stabilizer Code vs Classical Linear Code

 Stabilizer code is quantum analogue of classical linear code.
* (Linear code) Codewords are generated by generator matrix and stabilized by parity check matrix

 (Stabilizer code) Codewords are generated and stabilized by stabilizer (= quantum parity check matrix)

Linear Code Stabilizer Code

parity check matrix Error stabilizer (stabilizer generator)
H € Fy*m Checker | § =(gy,..,9,), g; € Pu(F3**™)
H-G=0 Condition 9i°9; =9 9i

y = Gx, - _ 310
x: information, y: codeword Encoding 10), =111 + g0)[0-+-0)
~ Erroneous —
y=y+ee€ck} Codenerd | T, =UU+e) ), e €,

Hy =s Syndrome gily,10), = [¥Y,1s),




Normalizer

* Stabilizer S is an abelian subgroup of P,.

* For stabilizer §,
 Normalizer of S, N(S), is a set of an operator € such that EgET € S forall g € G.

. SCN(‘S)C?TL «Egzg{;'»,
4 P2\ | |
¢ anti-commutable with §, {g,E} =0
N(g)\ __— commutable with §, [g,E] = 0
.//

- If an element in N(§) occurs to a stabilizer codeword as an error,
it can not be detected !!

)

\l
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Error Correction Condition

* Let S be the stabilizer for a stabilizer code C. Suppose that {;} is a set of operators in 7, such
that 8T£k ¢ N(S) — & forall jand k. Then, {€;} is a correctable set of errors for the code C.

-

N(S) )

P\

Detectable error: E € SorE € P, — N(S)
Undetectable error: £ € N(§) — 8

manipulate the stabilizer codewords
(= logical operator of Stabilizer code)

Code distance: the minimum weight of an element in N(§) — §

Undetectable error
Logical operator

For [[7,1,3]] Steane code (d=3), Z; = Z,Z,Z (Nielsen and Chuang)
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Binary vector representation of Pauli operator

e 1-qubit Pauli operator P; can be represented by a 2-bit vector (without phase information)
I =(0]0),X =(1]0),Z = (0]1)and Y = (1]|1)
I=Xx%2% x=x17° 7 =X%2andY = X171

* n-qubit Pauli operator P, is represented by a 2n-bit vector.

For example, XZZXI = (10010/01100)

1t qubit  4-th qubit

12



Matrix Representation of Stabilizer Code

* n-k Stabilizer written in Pauli operator can be represented by binary matrix as follows
G=[Gx |Gz |

where G, and G, are binary matrices of size n-k x n.

* Note that the matrices G, and G, satisfy the symplectic inner product condition,
T T
GX°GZ-|—GZ°G = (mod2)
* For example,

Gli5:1.3]]

O = OO
_0 O =
_o O O
o OO =
OO ==
O = = O

O = O =
_ O = O
OO = O

_ = O O




Examples

Developing a stabilizer code equals to find a pair of two binary matrices satisfying the SIP

condition.

There exist quantum versions of BCH, Reed-Solomon, Reed-Muller, Convolutional, LDPC, Polar, ..,
by properly modifying the parity check matrices of the classical codes.

/101 0101 0101 OlOI\

011 0011 0011 0011
000 1111 0000 1111

000 0000 1111 1111
o ~

//Ibo

010
001
000
000
000
000
000

000
\\390

0100
0010
0001
1010
0101
0011
0000
0000
0000
0000

0100
0010
0001
0000
0000
0000
1010
0101
0011
0000

OION

0010
0001
1010

0101 . .

1010
0101 [[15,1,3]] RM Code

0011
11¥£//
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Revisit of QECC in terms of
Stabilizer Formalism



2-qubit Bell State

* State Representation

T = %(|00> - \11>) ) =
X1 Xo|®H) = X1XQI(|00> + \11>) - 7(|00> + |11>)
2125]07T) = 2122f(|00> +11)) = E(lom +11))

e Stabilizer Generators

G = (X1 X2, Z123)
g|®T) =|®T), Vg € S generated by G

b
>

(100) + 1)), o) =

S

(\01> + \10>)
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3-qubit Cat State

* State Representation

\cat>::-i5-(uxx»-+]111>>
V2

1
X1 Xo Xz|cat) = X; Xo X5 \f(
71 Z|cat) = leg\lf(\ooow
ZoZs|cat) = ZQZg\lf(\O()O)wL

e Stabilizer Generators

G = (X1 XoX3, 2125, Z573)

1000) + |111>)
|111>) %
|111>) =

glcat) = |cat), Vg € S generated by G

L
(|000> +

(|000> +

1000) + |111>)
|111>)
|111>)
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n-qubit Cat State

* State Representation

in — cat) =

= = (102 + per)

X — cat) = X®nf(|o>®n+|1>®n) = (|o>®n+|1>®n)

ZiZ’H—l |n — CCLt> Z Zz—}—l

%\

1
—(\0>®n—|—|1>®”),f01‘i:1---n—1

(0 + o) = -

7%

e Stabilizer Generators

G=(X1Xn, 2122, ,Zn-12n)
gln — cat) = |n — cat), Vg € S generated by G

20



3-qubit Bit-Flip/Phase-Flip Code

 Bit-Flip (X) Code
0) = 1000), |1)r = [111)

syndrome
G — Z 4 1 -1l 1
I Z Z 1]-1] -1
Error X, ———

i X2 : I

correctable error «— X3 —
______________ I I
R — — — - T

|

Xz X3 _____ : |

|

detectable error «— . Xg #mmmm == =

e

1Y) = al0)r + B|1)rL — a|l)L + B|0) L

* Phase-Flip (Z) Code

)L =|+++), Mr=]——)
G — X X I -1 -1
I X X 1| -1
a 4&
Error (7, ———
: Z |
correctable error «— Zs —
______________ I I
2, Z,---+---- b
!
Zz 23 _____ ! |
detectable error «~— 7, 7, +=————— .

__________________

1Y) = al0)r + B|1)L — a|l)r + B|0)



[[5,1,3]] Code

* The minimum code for correcting arbitrary 1-qubit error (quantum singleton bound)
n—k=>2(d—-1)

I\ |
X
Z?
A

) L

<~ <IN

A
A
X
1

< NNy
O = O =
_ O = O
O = O O
_0 O ==
_— O O O
o OO =
OO = =

o O = O

N <~ <

vl

oS = = O

—_—_= O O
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[19,1,3]] Shor Code

* Concatenation of Bit-Flip Code and Phase-Flip Code

(Z Z I\ 1 I I I I 1 \
I z Z I I I I I I
I I I|z z I, 1 I I |, -—_L 000) + [111)) (|000) + |111)) (]000) + |111
NI EE ey 0} = 5= (1000) + [111) (000) + [111)) (000} + [111))
|11 1 1 I I\ Z Z T |1y, = (j000) - [111))(j000) — |111))(]000) — [111)
I I I I I 1|1 Z Z " Ni( ) ) |
X X X X X X I I 1
I I I X X X X X X

\ /

* The location of 1-qubit phase flip (Z) error cannot be identified, but the codeword can be
successfully recovered.
For example, Z, and Z, (or Z;) leads to the same error syndromes.
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[[7,1,3]] Steane Code

* [[7,1,3]] Steane code based on a pair of [7,4,3] Hamming codes

( I I I X X X X\
I X X I I X X |t detecting phase-flip error
QH7’1’3” _ X I X I X I X
I I I Z Z Z Z
I 7 7z I I Z Z detecting bit-flip error
\|lz T 2z I 7z I Z|)
O 0 01 1 1 1
gg]whereH: 01 100 1 1
1 01 0 1 0 1

parity check matrix of [7,4,3] Hamming code

24



CSS Code

* Suppose C, and C, are [n, k,] and [n,k,] classical linear codes such that C, € C; and C; and Cy
both correct t errors. Then, CSS code can be defined with the following stabilizer (matrix form).

1
[H (SZ) ‘ i (Ocl)] with H(C3)xH(C)T =0

* If C; = C5, then the code is called self-dual.
* For example, [[7,1,3]] Steane code is defined the stabilizer (

_ o O
e )
—_ O =
O =

[I(_)I ‘ I(-)I]’ where H =

o = O
OO =

—_ =

25



CSS code and non-CSS code

* Note that each stabilizer operator of a CSS code is composed of solely X or Z (see [[7,1,3]] code or

[[9,1,3]] code).
On the contrary, non-CSS code (stabilizer code outside class of CSS codes) is defined by stabilizers

composed of mixed X and Z (see [[5,1,3]] code).

/" agcc

_— non-CSS code

CSS code

<Hierarchy of QECC>
26



Standard Form of Stabilizer Code



Standard Form

e Matrix Form of Stabilizer Code can be transformed to the so-called Standard Form via Gaussian
Elimination as follows,

— Ge , | I A Ay B O C
G=|Gx |Gz | 'g_[()OOD[E]
I,B e GF(2)TXT D e GF(2)(n—k—'r‘)X'r
A1,0 € GF(Z)TX(”_’“—T) I e GF(Z)(n—k—r)x(n_k_r)
Ay, C € GF(2)"%k E € GF(2)(n—k-r)xk

28



Encoded Pauli Operator

 Encoded Pauli operators X and Z can be found from Standard Form as follows,

g_]AlAQ
O O O

B O C X=|0 E' 1|C" O O]
D I E Z=[0 0 O]|4" O I]

* They satisfy the conditions
» Stabilizer and encoded Pauli X (Z) are mutually commutable.
* The encoded Pauli-X X; are mutually anti-commuting with Z;, but commutable with others Z;.

29



Effective Error Detection

* For a certain stabilizer code, there exist so many different stabilizer generator sets.

* For example, for [[7,1,3]] Steane code,

I I I X X X X (X I I I X X X

I X X I I X X I X I X I X X

gl _ | X I X I X I X | gy _| I I X X X X I
I 1 I Z Z Z Z Z 1 zZ Z 1 I Z

I z z 1 I Z Z 1z z 1 z I Z

\z 1 z 1 2z 1 7| \Zz 2z 2z I 1 7 I

for an error X;, both stabilizers give the syndromes (+1,+1,+1,+1,+1,-1) and (+1,+1,+1,-1,+1,-1)
respectively.

* For practical use, we need a standard stabilizer

Nielsen and Chuang




Encoding, Decoding, and
Correction with Stabilizer Code



Encoding (1/2)

* Encoding by projection onto common eigenvector with an eigenvalue +1

* Note that (1 + g;)/2 is a projector onto the +1 eigenspace of g;.

n—k

o) = (X gi)l0---0)

1=1

— 2n1—k: (I+g1)(1+g2) (14 gn-r)0---0)

* 10), = NI +1 eigenspace of g;

32



Encoding (2/2)

* From Standard Form, it is possible to generate an encoding circuit.

Gi=XRXQXR3XQXRXRXR®X
Go=2ZQRQILZQRLRIZRQZLZRLRISILRZ
G3=XQRIQXRIQRZIRIYR®RLIRY

Gi=XRIQYRZQIXQIRQY ®Z

Gs=XQRZQIQYRIRQRY RIXR®Z.

%

Figure 3

codeword
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Measure X/Z

* Quantum circuit for measuring a single qubit operator M with eigenvalues +1

0) — H T H A

M

* The following circuits are used to measure X (Z) stabilized 1-qubit state.

0) —H T H A 0) —|H T H
X Z

|+) > 0

=) -1

|0) / |1) — 0/1w.p.0.5



Measure Stabilizer

—
]
bt
-

L

syndrome
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Decoding / Correction

* (Decoding) Generally, infer a guantum error from syndrome outcomes.
* For a fixed sized code, it is possible to build up a look up table beforehand.

* For an [[n,k,d]] stabilizer code = table of size 2nk
* For example [[3,1,3]] Bit-Flip code,

217, 2,23 Error
+1 +1 No Error
+1 -1 X3
-1 +1 X4
-1 -1 X2

* (Correction) Apply the inverse of the decoded quantum error.
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