
Appendix A
Linear Algebra

Linear algebra is an elementary language to mathematically describe quantum
mechanics. This appendix summarizes the concepts, definitions, theorems, and prop-
erties of linear algebra that are frequently used in quantum information physics. In
most cases, we omit rigorous proofs to focus on main concepts.

Many textbooks on linear algebra focus on arithmetic techniques related to the
properties of matrices, such as the Gauss elimination and the formula of determinant.
In most areas of physics, notably in quantummechanics, more relevant are the funda-
mental concepts and algebraic structures of vector spaces and linear operators. Lang
(1987)—an abridged edition Lang (1986) is also available—is one of the textbooks
that introduce and discuss the latter subjects.

A.1 Vectors

A.1.1 Vector Space

One of the most distinguished features of quantum states compared to classical states
is superposition inherited from the wave-particle duality. It is thus natural to describe
quantum states mathematically by vectors. Vectors can be multiplied by numbers
(called scalars) and addedwith each other, exactly theway the superposition principle
dictates. We first need a field, a set of scalars with addition and multiplication.

Definition A.1 (field) A set F of elements is called a field if it satisfies the following
conditions:

(a) (addition) If x, y ∈ F, then x + y ∈ F.
(b) (multiplication) If x, y ∈ F, then xy ∈ F.
(c) (zero) 0 ∈ F and 1 ∈ F.
(d) (inverse) If x ∈ F, then −x ∈ F.
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(e) (inverse) If x ∈ F and x �= 0, then x−1 ∈ F.

The elements of the given field are called the scalars.

In the simplest terms, vectors represent physical quantities with both magnitude
and direction. In quantum mechanics, more important feature of vectors is superpo-
sition. Here is the formal definition with mathematical rigor.

Definition A.2 (vector space) A set V of elements is called a vector space over a
field F, if it satisfies the following conditions:

(a) If v1, v2 ∈ V , then v1 + v2 ∈ V .
(b) If v1 ∈ V and x ∈ F, then xv2 ∈ V .
(c) If v1, v2, v3 ∈ V , then (v1 + v2) + v3 = v1 + (v2 + v3) .

(d) There is an element 0 ∈ V (a null vector) such that for all v2 ∈ V 0 + v2 =
v2 + 0 = v2 . Note that both “zero” in F or the null vector in V are denoted
by ‘0’.

(e) For a given v2 ∈ V , there exists −v2 ∈ V such that v2 + (−v2) = 0 . The sub-
traction between vectors are defined by v1 − v2 := v1 + (−v2) .

(f) For x, y ∈ F and v1, v2 ∈ V ,

x(v1 + v2) = xv1 + xv2 , (A.1a)

(x + y)v2 = xv2 + yv2 , (A.1b)

(xy)v2 = x(yv2) . (A.1c)

The elements of a vector space are called vectors.

Common examples include vector spaces over the fields of rational numbers (Q),
real numbers (R), complex numbers (C), and quarternions (H). Note that the set of
integer numbers (Z) with the standard arithmetic rules is not a field. As is the case
mostly in quantum mechanics, vector spaces will be assumed to be over the field of
complex numbers C throughout this book unless mentioned otherwise.

Definition A.3 (linear independence) Let V be a vector space. Vectors v1, . . . , vn in
V are said to be linearly dependent of each other if there exits a solution z1, . . . , zn ∈
C to the equation

z1v1 + · · · + znvn = 0 . (A.2)

If not, they are said to be linearly independent.

A.1.2 Hermitian Product

In a vector space, the multiplication of vectors has not be defined. The inner product
gives a special kind of multiplication between vectors and provides the vector space
with a geometric structure, i.e., the orthogonality of vectors.
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The inner product is usually a bilinear mapping. In many fields of physics (e.g.,
quantum mechanics), however, we will be dealing with vector spaces over C (the
field of complex numbers). To preserve the notion of positive definiteness, we need to
adopt a slightly different definition of the inner product. This modified inner product
is called a Hermitian product to distinguish it from a usual inner product.

Definition A.4 (Hermitian product) Let V be a vector space. A Hermitian product
on V is a function 〈·, ·〉 from V × V to C satisfying the following conditions:

(a) For all u, v, w ∈ V , 〈u, v + w〉 = 〈u, v〉 + 〈u, w〉.
(b) For all z ∈ C and v,w ∈ V , 〈zv,w〉 = z∗〈v,w〉 and 〈v, zw〉 = z〈v,w〉.
(c) For all v,w ∈ V , 〈v,w〉 = 〈w, v〉∗.
(d) 〈v, v〉 ≥ 0 for all v ∈ V , and 〈v, v〉 > 0 if v �= 0.1

Two vectors v andw are said to be orthogonal if 〈v,w〉 = 0.On the other hand, they
are said to be parallel if they are linearly dependent.

One of the most fundamental properties of Hermitian product is the following
inequality.

Theorem A.5 (Cauchy-Schwarz inequality) Let 〈·, ·〉 be a Hermitian product on a
vector space V . The so-called Cauchy-Schwarz inequality

|〈v,w〉|2 ≤ 〈v, v〉〈w,w〉 (A.3)

holds for any vectors v and w in V . Equality holds if and only if v and w are linearly
dependent (i.e., parallel).

To prove the Cauchy-Schwarz inequality, consider the vector defined by

u := v − w
〈w, v〉
〈w,w〉 . (A.4)

Geometrically, it corresponds to the difference between v and the component of v

projected onto |w〉. Whence u is orthogonal to w, 〈u, w〉 = 0. We have

〈u, u〉 = 〈v, v〉 − 〈v,w〉〈w, v〉
〈w,w〉 . (A.5)

Since 〈u, u〉 ≥ 0, the above equation leads to the inequality. Furthermore, we recall
that 〈u, u〉 = 0 if and only if u = 0. It immediately implies that the equality in (A.5)
holds if and only if

v = w
〈w, v〉
〈w,w〉 . (A.6)

Therefore, v and w must be linearly dependent.

1 A Hermitian product satisfying this condition is said to be positive definite. We include this
condition here because it is required for most applications in quantum mechanics.
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The geometric structure due to the Hermitian product allows defining the mag-
nitude or norm of the vectors. For a vector v, we let ‖v‖ denote the norm of v and
define it by

‖v‖ := √〈v, v〉. (A.7)

This norm is called the canonical norm associated with the Hermitian product 〈·, ·〉.
It satisfies, as it should as a norm, the triangle inequality

‖v + w‖ ≤ ‖v‖ + ‖w‖ (A.8)

for all vectors v andw. In quantummechanics, a norm is essential for the probabilistic
interpretation (Sect. 1.3).

A norm, in turn, provides a distance measure. A natural way to measure the
distance D(v,w) between two vectors v and w is to use the norm,

D(v,w) := ‖v − w‖ ≡ √〈v − w, v − w〉 . (A.9)

The above distance measure is called the canonical distance associated with the
Hermitian product 〈·, ·〉. The triangle inequality (A.8) for the norm directly implies
the analogous inequality for the distance,

‖u − w‖ ≤ ‖u − v‖ + ‖v − w‖ (A.10)

for all vectors u, v, and w. A distance measure is useful in quantifying the closeness
of two quantum states (Sects. 5.5.1 and 5.5.2).

A Hermitian product provides another way of measuring how close two state
vectors are through the notion of fidelity (Sect. 5.5.3). The fidelity between two
vectors v and w is defined to be |〈v,w〉|.

A.1.3 Basis

Definition A.6 (basis) Let V be a vector space. If every element of V is a linear
combination of v1, . . . , vn , then v1, . . . , vn are said to span (or generate) the vector
space V . The set {v1, . . . , vn} ⊂ V is called a basis of V if v1, . . . , vn span V and are
linearly independent. The number of elements in a basis of V is called the dimension
of V and denoted by dim V .

Quantum states are described by a state vector in aHilbert space. A Hilbert space
is a vector space, usually infinite dimensional, with additional analytic properties
provided by the notion of completeness. However, as long as the dimension is finite,
there is no distinction between the Hilbert space and the vector space. Unless men-
tioned otherwise explicitly, we assume that vector spaces are finite dimensional.

When a basis (recall Definition A.6) {v1, v2, . . . , vn} spanning V satisfies
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〈vi , v j 〉 = δi j , (A.11)

it is called an orthonormal basis. For a finite dimensional vector space V , one can
always find an orthogonal basis as long as V �= {0}.

A choice of basis is arbitrary and one can change the basis to another: Suppose that
A = {v1, v2, . . . , vn} and B = {w1, w2, . . . , wn} are two bases of the same vector
space V . As both A and B are bases, one can expand each vector w j in B in the
vectors vi in A (and vice versa):

w j =
∑

i

viUi j , (A.12)

whereUi j are complex coefficients. The matrixU := [Ui j ] composed of these coef-
ficients characterizes the relation between the two bases, and it must be invertible
since the elements in each basis are linearly independent of each other. The relation
is particularly simple when the bases are orthonormal: As A is orthonormal, the
coefficients Ui j can be obtained by

Ui j = 〈vi , w j 〉 . (A.13)

More importantly, one can show thatU is a unitarymatrix (see also Theorem A.15).

A.1.4 Representations

Given a fixed basis {v1, v2, . . . , vn} of a vector space V , any vector α ∈ V is uniquely
specified by the coefficients α j ∈ C in the expansion

α = v1α1 + v2α2 + · · · vnαn . (A.14)

The column vector consisting of α1, . . . ,αn is said to be the representation of the
vector α in the basis, and denoted by

α
.=

⎡

⎢⎢⎢
⎣

α1

α2
...

αn

⎤

⎥⎥⎥
⎦

. (A.15)

When the basis {v1, v2, . . . , vn} is orthonormal, the expansion coefficients α j are
obtained directly bymeans of theHermitian product,α j = 〈v j ,α〉. Hence, the vector
is represented by the expansion
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α =
∑

j

v j 〈v j ,α〉 (A.16)

or, equivalently, by the column vector

α
.=

⎡

⎢⎢⎢
⎣

〈v1,α〉
〈v2,α〉

...

〈vn,α〉

⎤

⎥⎥⎥
⎦

. (A.17)

Consider another vector β ∈ V and suppose thatβ j := 〈v j ,β〉 is its representation
in the same orthonormal basis. Then, the Hermitian product 〈α,β〉 can be evaluated
using their column-vector representations

〈α,β〉 =
∑

j

α∗
jβ j = [

α∗
1 α∗

2 · · · α∗
n

]

⎡

⎢⎢⎢
⎣

β1

β2
...

βn

⎤

⎥⎥⎥
⎦

, (A.18)

where we have used the identity 〈α, v j 〉 = 〈v j ,α〉∗ = α∗
j .

Upon the change of basis, the representations of vectors also change. Suppose
that a vector α ∈ V is represented by

α
.=

⎡

⎢⎢⎢
⎣

α1

α2
...

αn

⎤

⎥⎥⎥
⎦

(A.19)

in the basis {vi }, and by

α
.=

⎡

⎢⎢⎢
⎣

α′
1

α′
2
...

α′
n

⎤

⎥⎥⎥
⎦

(A.20)

in the basis
{
w j
}
. The relation between the two representations is fixed by the relation

between the two bases. Let us take a closer look at the relation when the two bases
are orthonormal. We note from (A.16) that

α′
k = 〈wk,α〉 =

n∑

j=1

〈wk, v j 〉〈v j ,α〉 =
∑

k

Ukjα j , (A.21)
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where we have put Ukj := 〈wk, v j 〉. We have seen in Eq. (A.13) that the matrix U
is unitary. Therefore, we see that the representations in two different orthonormal
bases are related by a unitary matrix as

⎡

⎢⎢⎢
⎣

α′
1

α′
2
...

α′
n

⎤

⎥⎥⎥
⎦

=

⎡

⎢⎢⎢
⎣

U11 U12 · · · U1n

U21 U22 · · · U2n
...

...
. . .

...

Un1 Un2 · · · Unn

⎤

⎥⎥⎥
⎦

⎡

⎢⎢⎢
⎣

α1

α2
...

αn

⎤

⎥⎥⎥
⎦

. (A.22)

A.2 Linear Operators

In quantummechanics, the evolution of quantum states and the properties of physical
quantities are described by linear operators. Linear operators are special kind of linear
mappings.

A.2.1 Linear Maps

As already mentioned, the most important algebraic property of a vector space is
the superposition. Therefore, the mapping preserving this property from one vector
space to another plays an important role in the theory of linear algebra.

Definition A.7 (linear map) Let V and W be vector spaces. A mapping (or simply
map)

L̂ : V → W , v �→ L̂v (A.23)

is said to be linear if it satisfies the following two properties:

(a) For any v,w ∈ V , we have L̂(v + w) = L̂v + L̂w .

(b) For all z ∈ C and v ∈ V we have L̂(zv) = z(L̂v) .

When V = W , the map is called a linear operator on V .
Since a linear map preserves superposition, it is completely determined by spec-

ifying how it maps just the basis vectors. The following theorem summarizes the
property.

Theorem A.8 Let V andW be vector spaces. Let {v1, . . . , vn} be a basis of V , and
w1, . . . , wn ∈ W be arbitrary vectors—not to be necessarily distinctive nor to form
a basis. Then there exists a unique linear map L̂ : V → W such that w j = L̂v j for
all j = 1, . . . , n.

Proof of the theorem highlights the implications of linearity. Let us take a look at a
proof. Define a map Â : V → W by the associations
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Âv j �→ w j (A.24)

and
Â(v1z1 + · · · vnzn) = w1z1 + · · · wnzn (A.25)

for all z1, . . . , zn ∈ C. Â is linear by construction, and we have shown that there
exists a linear map satisfying the required condition. Now suppose that two linear
maps Â and B̂ satisfy the condition. Let v = v1z1 + · · · vnzn ∈ V with z j ∈ C. Note
that

B̂v = (B̂v1)z1 + · · · + (B̂vn)zn = w1z1 + · · · + wnzn = Âv . (A.26)

Since v is arbitrary, we conclude that Â = B̂.

A.2.2 Representations

As asserted by Theorem A.8, a linear map L̂ : V → W is completely determined by
specifying how it maps each element of a basis

{
v j : j = 1, . . . , n

}
of V . Expanding

the result L̂v j in a basis {wi : i = 1, . . . ,m} of W as

L̂v j =
∑

i

wi Li j , (A.27)

we can equivalently say that L̂ is uniquely specified by the coefficients Li j ∈ C. The
m × n matrix composed of the coefficients is called the matrix representation of L̂
in the bases

{
v j
}
and {wi }. L̂ being represented by the matrix L is denoted by

L̂
.=
⎡

⎢
⎣

L11 L12 · · ·
L21 L22 · · ·
...

...
. . .

⎤

⎥
⎦ . (A.28)

When the bases
{
v j
}
and {wi } are orthonormal, the matrix elements Li j can be

obtained by means of the Hermitian product, Li j = 〈wi , L̂v j 〉, and hence

L̂v j =
∑

i

wi 〈wi , L̂v j 〉. (A.29)

In quantum mechanics, one has to frequently calculate the matrix representations of
linear maps in orthonormal bases, and the procedure is summarized in the following
table:
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L̂
.=

v1 v2 · · ·
w1 〈w1, L̂v1〉 〈w1, L̂v2〉 · · ·
w2 〈w2, L̂v1〉 〈w2, L̂v2〉 · · ·
...

...
...

. . .

(A.30)

When V = W , a linear operator is represented by a square matrix.
It is important to note that the matrix representation of a linear map depends on

the choice of bases of V and W . How does the matrix representation change when
we choose different bases? Here let us focus on linear operators (V = W). Suppose
that {vi } and

{
w j
}
are two different orthonormal bases of V . Since they are both

orthonormal, there must be a unitary operator (Definition A.13) Û such that

w j = Ûv j =
∑

i

viUi j , (A.31)

where Ui j := 〈vi , w j 〉 is a unitary matrix (see Eq. (A.12)). Suppose that Li j be the
matrix representation of a linear operator L̂ in the basis {vi }. What is the matrix
representation L ′

i j of L̂ in the new basis
{
w j
}
? Using the relation (A.31), we obtain

the new matrix representation

L ′
i j = 〈wi , L̂w j 〉 =

∑

kl

U ∗
ik〈vi , L̂vl〉Ulj =

∑

kl

U ∗
ik LilUl j . (A.32)

In other words, the matrix representations in two different bases are related with each
other by

L ′ = U †LU . (A.33)

A.2.3 Hermitian Conjugate of Operators

On a vector space equipped with a Hermitian product, given a linear operator L̂ one
can define another linear operator L̂† naturally related to L̂ . Hermitian conjugates
of operators greatly simplify the evaluations of operator-related expressions and the
spectral analysis of them.

Theorem A.9 (Hermitian conjugate) LetV andW be vector spaces overC equipped
with Hermitian products. Let L̂ : V → W be a linear map. Then, the following
statements hold true:

(a) There exists a unique linear map L̂† : W → V such that

〈w, L̂v〉W = 〈L̂†w, v〉V (A.34)

for all v ∈ V and w ∈ W .
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(b) (L̂†)† exists as well, and is identical to L̂, (L̂†)† = L̂.

The linear operator L̂† is called the Hermitian conjugate of L̂.

The matrix representation of a linear map is unique, and one can also define
the Hermitian conjugate in terms of the matrix representation. Let L̂ : V → W be
represented by

L̂v j =
∑

i

wi Li j . (A.35)

Then, L̂† : W → V is defined by

L̂†w j =
∑

i

vi L
∗
j i . (A.36)

That is, the matrix representation of L̂† is the conjugate-transposition of the matrix
representation of L̂ . For finite-dimensional vector spaces, the two definitions are
equivalent.

For an operator on a vector space, its Hermitian conjugate also acts on the same
vector space and enables to characterize the operator itself.

Definition A.10 (normal operator) A linear operator L̂ on a vector space V is said
to be normal if [L̂†, L̂] = 0.

The two most important examples of normal operators are Hermitian operators and
unitary operators.

In quantummechanics, the linear operator representing a physical quantity should
be Hermitian:

Definition A.11 (Hermitian operator) A linear operator Ĥ on a vector space is
called Hermitian if

〈Ĥv,w〉 = 〈v, Ĥw〉 , ∀v,w ∈ V . (A.37)

There is a simple test for a Hermitian operator on a finite dimensional vector space:

Theorem A.12 Let V be a vector space. An operator Ĥ on V is Hermitian if and
only if 〈v, Ĥv〉 ∈ R for all v ∈ V .

Another type of operators one encounters very frequently in quantum mechanics
are unitary operators, norm-preserving and invertible linear maps.

Definition A.13 (unitary operator) Let V be a vector space V equipped with a
Hermitian product. A linear operator Û is said to be unitary when it maps V onto
the whole of V and preserve the norm. That is, ÛV = V and 〈Ûv, Ûv〉 = 〈v, v〉 for
all v ∈ V .
A unitary operator is characterized by the fact that its Hermitian conjugate is identical
to its inverse.
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Theorem A.14 If Û is a unitary operator on V , then

Û †Û = ÛÛ † = 1 . (A.38)

In fact, Eq. (A.38) can be used as an alternative definition of a unitary operator.
The unique linear map in Theorem A.8 becomes a unitary operator when the

image vectors form another orthonormal basis of the same vector space.

Theorem A.15 Let V be a vector space. Let {v1, . . . , vn} and {w1, . . . , wn} be
orthonormal bases of V . Then there exists a unique unitary operator Û on V such
that w j = Ûv j for all j = 1, . . . , n.

Wehave already seen inEq. (A.12) that two orthonormal bases are related by a unitary
matrix. Theorem A.15 just asserts it again. Indeed, if U is the matrix representation
of Û in the basis {vi }, then

w j = Ûv j =
∑

i

viUi j . (A.39)

Theorem A.15 is even more general and hold for any orthonormal subsets:

Theorem A.16 Let V is a Hilbert space equipped with a Hermitian product 〈·, ·〉,
and U ⊂ V a subspace. Suppose Û : U → V is a linear operator which preserves
the Hermitian product. That is, for any u, u′ ∈ U ,

〈Ûu, Ûu′〉 = 〈u, u′〉 . (A.40)

There exists a unitary operator V̂ : V → V which extents Û . That is, V̂ u = Ûu for
all u ∈ U and V̂ is defined on the entire space V .
An immediate consequence of Theorem A.16 is that for any pair of vectors v and w

one can always find a unitary operator Û such that w = Ûv.

A.3 Dirac’s Bra-Ket Notation

For a given vector space V , one can construct another special vector space V∗ asso-
ciated with V , consisting of all linear mappings from V to C, V∗ := {φ : V → C}.
It is called the dual space of V . With a fixed vector v ∈ V and the Hermitian prod-
uct, one can define a linear mapping φv : V → C by the relation φv(w) := 〈v,w〉.
Certainly, φv is an element of V∗. This way, by choosing different vectors from V ,
one can define a particular kind of linear mappings belonging to V∗. Now the key
observation is that in fact, any linear mapping in V∗ is of this kind. That is, there is a
one-to-one correspondence v ↔ φv between V and V∗. φv is called the dual vector
of v.
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In Dirac’s bra-ket notation, the dual φv is denoted by 〈v|whereas the native vector
v is denoted by |v〉; hence the name. It is just a simple notational change. However,
it simplifies most evaluations in quantum mechanics so greatly that it is widely used.
Throughout the book, we will almost always be using the bra-ket notation.

When {|α1〉 , . . . , |αn〉} is an orthonormal basis of V , {〈α1| , . . . , 〈αn|} is also an
orthonormal basis of V∗ and is called the dual basis of the former. More importantly,
the two bases satisfy the relation

〈αi |α j 〉 = δi j . (A.41)

Suppose that a vector |v〉 ∈ V is expanded as

|v〉 =
∑

j

∣∣α j
〉
v j , v j ∈ C . (A.42)

Then, its dual vector 〈v| is given by

〈v| =
∑

j

v∗
j

〈
α j

∣∣ . (A.43)

Armed with the basic properties of the bra-ket notation, now consider a combi-
nation of the form |v〉 〈v′∣∣ , where |v〉 ,

∣∣v′〉 ∈ V: We regard it as an operator on V
defined by the association

|v〉 〈v′∣∣ : |u〉 �→ |v〉 〈v′|u〉 (A.44)

for all |u〉 ∈ V . A simple inspection (see Definition A.9) shows that its Hermitian
conjugate (|v〉 〈v′∣∣)† is just given by

(|v〉 〈v′∣∣)† = ∣∣v′〉 〈v| . (A.45)

If one constructs |αi 〉
〈
α j

∣∣ out of a basis
{∣∣α j

〉}
of V , then any linear map on V can

be expressed in terms of them, and they form a basis of the vector space L(V) of
linear operators (Appendix B.1). In particular, if the basis

{∣∣α j
〉}

is orthonormal,

then a linear operator L̂ on V with the matrix representation L in the same basis is
equivalent to

L̂ =
∑

i j

|αi 〉 Li j
〈
α j

∣∣ , (A.46)

and, accordingly, its Hermitian conjugate L̂† to

L̂† =
∑

i j

|αi 〉 L∗
j i

〈
α j

∣∣ . (A.47)
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Both expansions can be verified by evaluating the matrix elements in the basis
and applying the orthogonality relation (A.41). An interesting result is that for any
orthonormal basis

{∣∣α j
〉}
of V , the linear combination

Î =
∑

j

∣∣α j
〉 〈

α j

∣∣ (A.48)

is equal to the identity operator on V . It is called the completeness relation. The
orthogonality relation (A.41) and the completeness relation (A.48), which are mutu-
ally complementary, together empower the bra-ket notation.

Consider�a�system�of�two�qubits.�The�associated�Hilbert�space�is�spanned�by�the�standard�basis.

In[[[ ]:= bs = Basis[2]

Out[[[ ]= 0, 0 , 0, 1 , 1, 0 , 1, 1

Consider�a�Hermitian�operator, �physically,�corresponding�to�the�Heisenberg�exchange�interac-

tion�between�two�S=1/2�spins.

In[[[ ]:= op = Pauli[1, 1] + Pauli[2, 2] + Pauli[3, 3]

Out[[[ ]=
x x

+
y y

+
z z

This�shows�the�matrix�representation�of�the�operator.

In[[[ ]:= mat = Matrix[op];
mat // MatrixForm

Out[[[ ]//MatrixForm=

1 0 0 0
0 -1 2 0
0 2 -1 0
0 0 0 1

This�is�an�expansion�of�the�operator�in�the�bra-ket�notation.

In[[[ ]:= op2 = MultiplyDot[bs, mat, Dagger[bs]]

Out[[[ ]= 0, 0 0, 0 - 0, 1 0, 1 + 2 0, 1 1, 0 +

2 1, 0 0, 1 - 1, 0 1, 0 + 1, 1 1, 1

Verify�the�above�expansion�by�evaluating�the�matrix�representation.

In[[[ ]:= mat2 = Outer[Multiply, Dagger[bs], op2 ** bs];
mat2 // MatrixForm

Out[[[ ]//MatrixForm=

1 0 0 0
0 -1 2 0
0 2 -1 0
0 0 0 1

More generally, given two vector spaces V and W , the combination |w〉 〈v| with
for |v〉 ∈ V and |w〉 ∈ W is a linear map V → W with an association similar to that
in Eq. (A.44). Its Hermitian conjugate, (|w〉 〈v|)† : W → V , is given by (|w〉 〈v|)† =
|v〉 〈w| .

To illustrate the power of the bra-ket notation, let us consider a linear map L̂ :
V → W and examine L̂

∣∣α j
〉
: Let

{∣∣α j
〉 : j = 1, . . . ,m

}
and {|βk〉 : k = 1, . . . , n}

be orthonormal bases of V and W , respectively. As L̂
∣∣α j

〉
is an element of W , it
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should not be affected by the identity operator ÎW onW , L̂
∣∣α j

〉 = ÎW L̂
∣∣α j

〉
.Using

the completeness relation (A.48) (replacing
∣∣α j

〉
with |βk〉), one can get

L̂
∣∣α j

〉 = ÎW L̂
∣∣α j

〉 =
∑

k

|βk〉 〈βk | L̂
∣∣α j

〉
. (A.49)

Noting that Lkj = 〈βk | L̂
∣∣α j

〉
is the matrix elements of the representation of L̂ in the

given bases [see Eq. (A.29)], one recovers the defining relation [see Eq. (A.27)]

L̂
∣∣α j

〉 =
∑

k

|βk〉 Lkj (A.50)

for the matrix representation of L̂ . Given the matrix representation Lkj , one can
further expand L̂ in terms of the bra-ket notation as

L̂ =
∑

k j

|βk〉 Lkj
〈
α j

∣∣ . (A.51)

Once expanded in the bra-ket notation, its Hermitian conjugate L̂† : W → V reads
as

L̂† =
∑

k j

∣∣α j
〉
L∗
k j 〈βk | . (A.52)

A.4 Spectral Theorems

The eigenvalues and eigenvectors of normal operators (Definition A.10) exhibit par-
ticularly useful properties. They are frequently used in quantum mechanics and
simplify many calculations and analyses. Here we summarize the properties of the
eigenvalues and eigenvectors of normal operators, especially, Hermitian and unitary
operators. Although we will mainly focus on the spectral properties, we will also
discuss some other related properties.

A.4.1 Spectral Decomposition

The following theorems summarize the properties of the eigenvectors and eigenvalues
of normal operators, especially, Hermitian, positive, and unitary operators:

Theorem A.17 Let Â be a normal operator (Definition A.10) on a vector space V .
(a) Eigenstates of Â belonging to distinct eigenvalues are orthogonal to each other.
(b) The set of all eigenvectors of Â spans V .
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Theorem A.17 enables to expand a normal operator in terms of its eigenvectors
and eigenvalues using Dirac’s bra-ket notation. Suppose that a normal operator Â
on a vector space V has eigenvectors |a〉 and the corresponding eigenvalues a. If
some eigenvalues are degenerate, that is, there are more than one linearly indepen-
dent eigenvectors belonging to the same eigenvalue, we choose mutually orthogonal
eigenvectors, which is always possible. Then, the normalized eigenvectors form an
orthonormal basis, which is called the eigenbasis from Â of the vector space V . Then
the matrix representation of Â in the eigenbasis from itself must be diagonal with
the diagonal elements given by the eigenvalues. Hence, in Dirac’s bra-ket notation,
Â can be expanded as

Â =
∑

a

|a〉 a 〈a| , (A.53)

where the sum is over all eigenvalues of Â. The expansion is called the spectral
decomposition of Â.

Theorem A.18 (a) A Hermitian operator Ĥ is normal.
(b) Every eigenvalue of a Hermitian operator is real.

In quantum mechanics, the operators usually describe the changes of state of
a system in terms of the transformation of vectors. However, there is also a class
of operators, called density operators, that describe the mixed state of the system
(Sect. 1.1.2). For a proper statistical interpretation of mixed states, the density opera-
tors are required to satisfy certain properties. They are Hermitian and positive among
other properties. It motivates the following definition.

Definition A.19 (positive operator) Let Ĥ be a Hermitian operator on a vector
space V .
(a) Ĥ is said to be positive (or more specifically, positive definite) if 〈v|Ĥ |v〉 > 0

for all non-vanishing vectors |v〉 ∈ V . A positive operator is denoted as Ĥ > 0.
(b) Ĥ is said to be positive semidefinite or non-negative if 〈v|Ĥ |v〉 ≥ 0 for all non-

vanishing vectors |v〉 ∈ V . It is denoted as Ĥ ≥ 0.

Very often in physics, positive definite and positive semidefinite operators are not
distinguished, and both types are simply called positive operators.

Theorem A.20 Let Ĥ be a Hermitian operator on a vector space. Then,

(a) Ĥ is positive if and only if every eigenvalue of it is positive;
(b) Ĥ is positive-semidefinite if and only if the eigenvalues are non-negative.

A common example of positive operator is an operator of the form

Â = |ψ〉 〈ψ| (A.54)
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for some vector |ψ〉. It has a single non-zero eigenvalue 1, and the corresponding
eigenvector is |ψ〉. Any vector |ϕ〉 orthogonal to |ψ〉 is an eigenvector of Â belong-
ing to the (degenerate) eigenvalue 0, Â |ϕ〉 = 0. Whence, Â ≥ 0. More generally,
consider an operator of the form

Â :=
∑

j

∣∣ψ j
〉 〈

ψ j

∣∣ (A.55)

for an arbitrary set
{∣∣ψ j

〉}
of vectors (not necessarily orthogonal nor normalized).

One can show that Â ≥ 0.
For any linear operator Â, the compositions Â† Â and Â Â† give positive operators

as well. To see it, note that

〈v| Â† Â |v〉 = ‖ Â |v〉 ‖2 ≥ 0 (A.56)

for any |v〉. Therefore, Â† Â ≥ 0. One can use a similar argument to convince oneself
that Â Â† ≥ 0.

Sometimes, it is useful to normalize the eigenvectors |a〉 of a positive operator
(Definition A.19 and Theorem A.20) with their own (positive) eigenvalues a so that
〈a|a〉 = a. In this case, the spectral decomposition of a positive operator Â is given
by

Â =
∑

a

|a〉 〈a| , (A.57)

This form of the spectral decomposition for a positive operator should not be con-
fused with the completeness relation (A.48), where an orthonormal basis is used.
For a positive semidefinite operator, there only appear eigenvectors with positive
eigenvalues in the summation in (A.57), and the eigenvectors with zero eigenvalue
are automatically dropped.

Theorem A.21 Let Û be a unitary operator on a vector space V . Then, every eigen-
value of Û is of the form eiφ with φ ∈ R.

For example, consider an operator Û with the matrix representation

Û
.=
[
cosφ − sin φ
sin φ cosφ

]
(A.58)

in the logical basis |0〉 and |1〉. It has two eigenvectors

|L/R〉 := |0〉 ± i |1〉√
2

(A.59)

with eigenvalues ±1. Û has the spectral decomposition

Û = |L〉 e−iφ 〈L| + |R〉 e+iφ 〈R| . (A.60)



Appendix A: Linear Algebra 365

A.4.2 Functions of Operators

The spectral decomposition provides a convenientway to define functions of a normal
operator. Let f : D → C be a function of complex variable defined in a domain
D ⊂ C. Suppose that Â be a normal operator with all eigenvalues a ∈ D. Then the
function f ( Â) of the operator Â—another operator on the same vector space derived
from Â—is defined by [to be compared with (A.53)]

f ( Â) :=
∑

a

|a〉 f (a) 〈a| . (A.61)

Surprisingly, most students try to define a function of an operator by means of the
Taylor series expansion involving multiple powers of the operator. In most cases,
however, it is very difficult to convince oneself whether the series is actually con-
verging or not. Even if it does, it is tremendously difficult to figure out the behavior
of the resulting operator, not to speak of the evaluation of the series itself. In con-
trast, the definition in (A.61) is well-defined as long as f (z) of complex variable z
is well defined, and often provides clear physical meaning of the resulting operator
f ( Â). Above all, the evaluation is straightforward and, in many cases, simple. The
definition applies only to normal operators. However, it is not a serious restriction
since in most physics applications, it is normal operators that we want to transform
by means of already existing functions.

Consider�again�a�Hermitian�operator�describing�the�Heisenberg�exchange�interaction�between�

two�S=1/2�spins.

In[[[ ]:= opH = -J * (Pauli[1, 1] + Pauli[2, 2] + Pauli[3, 3])

Out[[[ ]= -J x x
+

y y
+

z z

We�want�to�consider�functions�of�operators,�for�example,�opH�in�particular. �To �do�it,�it�is�most�

e icient�to�proceed�with�the�spectral�decomposition�of�the�operator.

In[[[ ]:= {val, vec} = ProperSystem[opH]

Out[[[ ]= {3 J, -J, -J, -J}, - 0, 1 + 1, 0 , 1, 1 , 0, 1 + 1, 0 , 0, 0

The�eigenvectors�are�orthogonal,�but�not��properly�normalized.

In[[[ ]:= Outer[Multiply, Dagger[vec], vec] // MatrixForm
Out[[[ ]//MatrixForm=

2 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

Normalize�them,�and�check�again.
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In[[[ ]:= nvec = vec / Sqrt[{2, 1, 2, 1}]
Outer[Multiply, Dagger[nvec], nvec] // MatrixForm

Out[[[ ]=

- 0, 1 + 1, 0

2
, 1, 1 ,

0, 1 + 1, 0

2
, 0, 0

Out[[[ ]//MatrixForm=

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Suppose�we�want�to�get�the�exponential�function�of�opH.�For�example,�the�time-evolution�

operator�is�given�by

In[[[ ]:= opU = MultiplyExp[-I t opH]

Out[[[ ]=
J t x x+ y y+ z z

This�uses�the�spectral�decomposition.

In[[[ ]:= newU = Total@Multiply[nvec, Exp[-I t val], Dagger[nvec]]

Out[[[ ]=
J t 0, 0 0, 0 +

1

2
J t 0, 1 0, 1 +

1

2
-3 J t 0, 1 0, 1 +

1

2
J t 0, 1 1, 0 -

1

2
-3 J t 0, 1 1, 0 +

1

2
J t 1, 0 0, 1 -

1

2
-3 J t 1, 0 0, 1 +

1

2
J t 1, 0 1, 0 +

1

2
-3 J t 1, 0 1, 0 +

J t 1, 1 1, 1

This�converts�the�bra-ket�expression�into�a�form�in�terms�of�the�Pauli�operators.

In[[[ ]:= newU2 = Elaborate@ExpressionFor@Matrix[newU]

Out[[[ ]=

1

4
-3 J t 1 + 3 4 J t 0 0

+
1

4
-3 J t

-1 +
4 J t x x

+

1

4
-3 J t

-1 +
4 J t y y

+
1

4
-3 J t

-1 +
4 J t z z

In�many�cases,�MultiplyExp�can�be�further�evaluated�by�means�of�Elaborate.

In[[[ ]:= opU2 = Elaborate@Elaborate[opU]

Out[[[ ]=

1

4
-3 J t 1 + 3 4 J t 0 0

+
1

4
-3 J t

-1 +
4 J t x x

+

1

4
-3 J t

-1 +
4 J t y y

+
1

4
-3 J t

-1 +
4 J t z z

A.5 Factorization of Operators

Matrices can be decomposed into several factors. As linear operators are represented
by matrices, the methods directly also applies to linear operators. We have already
seen one form, the spectral decomposition, in Sect. A.4.1. Here we introduce a few
more forms.



Appendix A: Linear Algebra 367

Theorem A.22 (singular-value decomposition) Let A be an m × n matrix of com-
plex numbers. It can be written in the form

A = USV † , (A.62)

where U and V are m × m and n × n unitary matrices, respectively, and S is an
m × n diagonal matrix of the form

S =
⎡

⎢
⎣

s1
s2

. . .

⎤

⎥
⎦ (A.63)

with s j ≥ 0. Positive values of s j are called the singular values of A.

For a linear operator Â on a vector space V , one can apply the above theorem to its
matrix representation A,

Â =
∑

i j

|i〉 Ai j 〈 j | =
∑

i jk

|i〉Ui j s j V
†
jk 〈k| . (A.64)

It results in the singular-value decomposition of the operator Â

Â = Û ŜV̂ † , (A.65)

where

Û :=
∑

i j

|i〉Ui j 〈 j | , Ŝ :=
∑

j

| j〉 s j 〈 j | , V̂ :=
∑

i j

|i〉 Vi j 〈 j | . (A.66)

Since the both matricesU and V are unitary, the operators Û and V̂ are also unitary.
Another useful form of the singular-value decomposition is

Â =
∑

j

∣∣u j
〉
s j
〈
v j

∣∣ , (A.67)

where ∣∣u j
〉 :=

∑

i

|i〉Ui j ,
〈
v j

∣∣ :=
∑

i

|i〉 Vi j . (A.68)

The unitarity of the matrices U and V implies that

〈ui |u j 〉 = δi j , 〈vi |v j 〉 = δi j . (A.69)

Theorem A.23 (polar decomposition) Any n × n matrix A of complex numbers can
be written in the form
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A = U P = QV , (A.70)

whereU and V are unitarymatrices, and P := √
A†A and Q := √

AA† are positive-
definite matrices.

The above theorem has been stated for matrices. However, it is directly translated to
linear operators. In other words, any linear operator Â on a vector space V can be
written in the form

Â = Û P̂ = Q̂V̂ , (A.71)

where P̂ :=
√
Â† Â and Q̂ :=

√
Â Â† and positive operators, and Û and V̂ are unitary

operators.
The polar decomposition is easily conceivable in terms of the singular-value

decomposition. Suppose that
Â = Û ′ ŜV̂ ′† (A.72)

is a singular-value decomposition of a linear operator Â. Then we observe that

Â = ˆ̂U ′V̂ ′† V̂ ′ ŜV̂ ′† = (Û ′V̂ ′†)
√
Â† Â, (A.73)

which is of the first form in (A.71). Here recall from Sect. A.4.2 that for a positive
operator Ĉ (such as Â† Â and Â Â†) with spectral decomposition

Ĉ =
∑

c

|c〉 c 〈c| (c ≥ 0), (A.74)

the new operator
√
Ĉ is given by

√
Ĉ =

∑

c

|c〉 √
c 〈c| . (A.75)

Similarly, we rearrange the factors as

Â = Û ′ ŜÛ ′† Û ′V̂ ′† =
√
Â Â† (Û ′V̂ ′†). (A.76)

It is of the second form in (A.71).

A.6 Tensor-Product Spaces

When there are more than one systems, each system is associated with a different
vector space. Even for a single system, independent degrees of freedom (such as
external and internal degrees of freedom) are associated with different vector spaces.
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Then the vector space of the total system should be constructed by the vector spaces
associated with the individual systems or degrees of freedom. Mathematically, such
a construction is called the tensor product of the constituent vector spaces.

A.6.1 Vectors in a Product Space

Let V and W be vector spaces, and {|vi 〉} and
{∣∣w j

〉}
their respective bases. The

tensor product V ⊗ W is a vector space spanned by the basis

{|vi 〉 ⊗ ∣∣w j
〉 : i = 1, . . . , dim V; j = 1, . . . , dimW}

(A.77)

We call it the standard tensor-product basis or simply standard basis of V ⊗ W .
Obviously, the dimension of V ⊗ W is given by dim(V ⊗ W) = (dim V)(dimW).

The symbol ‘⊗’ in the basis states separates |vi 〉 and
∣∣w j

〉
from each other clearly

indicating which vector space they are from. In many cases, when there is no risk of
confusion, it is dropped and the product states are simply written as |vi 〉

∣∣w j
〉
or even∣∣viw j

〉
.

Here�is�the�standard�basis�(product�basis)�for�a�(unlabelled)�two-qubit�system.

In[[[ ]:= bs = Basis[2];
bs // LogicalForm

Out[[[ ]= 0, 0 , 0, 1 , 1, 0 , 1, 1

The Hermitian products 〈·, ·〉V and 〈·, ·〉W in the corresponding spaces are inher-
ited to the tensor-product space to give the standard Hermitian product

(〈vi | ⊗ 〈
w j

∣∣)(|vk〉 ⊗ |wl〉) = 〈vi |vk〉V〈w j |wl〉W . (A.78)

Expanded in the standard basis, a vector

|�〉 =
∑

i j

|vi 〉 ⊗ ∣∣w j
〉
�i j ∈ V × W (A.79)

involvesM × N terms in general, whereM := dim V and N := W . It can be reduced
to a form with much less terms. To see this, rewrite the matrix � consisting of the
expansion coefficients �i j by means of the singular-value decomposition (Theo-
rem A.22)

� = U�V † , (A.80)

where U is a M × M unitary matrix, V a N × N matrix, and � a M × N diagonal
matrix. The diagonal elements s j of� are all non-negative, and the number R of non-
zero elements cannot be greater than min(M, N ). Putting (A.80) back into (A.79)
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leads to the so-called Schmidt decomposition

|�〉 =
R∑

j=1

∣∣α j
〉⊗ ∣∣β j

〉
s j ,

∣∣α j
〉 :=

∑

i

|vi 〉Ui j ,
∣∣β j
〉 :=

∑

i

|wi 〉 V ∗
i j . (A.81)

Note that 〈αi |α j 〉 = δi j and 〈βi |β j 〉 = δi j because U and V are unitary, and that∑R
j=1 s

2
j = 1 (0 < s j < 1) if |�〉 is normalized.

The number R is called the Schmidt rank or Schmidt number of the vector |�〉.
When R = 1, |�〉 is factorized as |�〉 = |α1〉 ⊗ |β1〉, and is said to be separable.
Otherwise, it cannot be factorized and it is called an entangled vector. The Schmidt
decomposition is a convenient method to test whether a vector is separable or entan-
gled.

Consider�an�arbitrary�vector�in�the�tensor-product�space.

In[[[ ]:= cc = Re@RandomVector[4];
vec = bs.cc;
vec // LogicalForm

Out[[[ ]= -0.392437 0, 0 + 0.309225 0, 1 - 0.352869 1, 0 + 0.733405 1, 1

This�is�its�Schmidt�decomposition�and�shows�that�the�state �vector�is�entangled.

In[[[ ]:= {ww, uu, vv} = SchmidtDecomposition[vec, {1}, {2}];
ww // Normal
uu
vv

Out[[[ ]= {0.935711, 0.190978}

Out[[[ ]= 0.504017 0 + 0.863694 1 , -0.863694 0 + 0.504017 1

Out[[[ ]= -0.537096 0 + 0.843521 1 , 0.843521 0 + 0.537096 1

SchmidtForm�presents�the�Schmidt�decomposition�in�a�more�intuitively-appealing�form.�For�a�

thorough�analysis�of�the�result,�use�SchmidtDecomposition.

In[[[ ]:= new = SchmidtForm[vec, {1}, {2}]

Out[[[ ]= 0.190978 -0.863694 0 + 0.504017 1 0.843521 0 + 0.537096 1 +

0.935711 0.504017 0 + 0.863694 1 -0.537096 0 + 0.843521 1

Check�whether�the�two�vectors�are�the�same�or�not.

In[[[ ]:= vec - ReleaseTimes[new] // Garner // Chop

Out[[[ ]= 0
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A.6.2 Operators on a Product Space

Let Â and B̂ be linear operators on V and W , respectively. Then the tensor-product
operator Â ⊗ B̂ is a linear operator on the tensor-product space V ⊗ W defined by
the association

( Â ⊗ B̂)(|vi 〉 ⊗ ∣∣w j
〉
) = ( Â |vi 〉) ⊗ (B̂

∣∣w j
〉
). (A.82)

Suppose that Â and B̂ are represented by matrices A and B, respectively, i.e.,

Â
∣∣v j
〉 =

∑

i

|vi 〉 Ai j , B̂
∣∣v j
〉 =

∑

i

|wi 〉 Bi j . (A.83)

Then it follows from (A.82) that

( Â ⊗ B̂)(|vi 〉 ⊗ ∣∣w j
〉
) =

⎛

⎝
∑

k

|vk〉 Aki
⎞

⎠⊗
⎛

⎝
∑

l

|wl 〉 Bl j
⎞

⎠ =
∑

kl

|vk〉 ⊗ |wl 〉 Aki Bl j .

(A.84)
This implies that the matrix representation of Â ⊗ B̂ in the standard product basis is
given by the direct product A ⊗ B of the two matrices.

In general, a linear operator Ĉ on V ⊗ W is not a single product but a sum of such
products. How many terms are there? Suppose that the matrix Ci j;kl is the matrix
representation of Ĉ in the standard product basis,

Ĉ |vkwl〉 =
∑

i j

∣∣viv j
〉
Ci j;kl , (A.85)

or equivalently,

Ĉ =
∑

i j;kl

∣∣viw j
〉 〈vkwl | Ci j;kl =

∑

i j;kl
|vi 〉 〈vk | ⊗ ∣∣w j

〉 〈wl | Ci j;kl . (A.86)

The M2 × N 2 matrix Gik; jl := Ci j;kl with collective indices (ik) and ( jl) has a
singular value decomposition

Gik; jl =
∑

μ

Uik;μγμV
†
μ; jl , γμ ≥ 0. (A.87)

Defining
Âμ :=

∑

ik

|vi 〉 〈vk |Uik;μ , B̂μ :=
∑

jl

∣∣w j
〉 〈wl | V ∗

jl;μ , (A.88)

leads to the expression
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Ĉ =
∑

μ

Âμ ⊗ B̂μγμ , (A.89)

which is in direct analogy with the Schmidt decomposition (A.81) of a vector in the
tensor-product space. Here the number of non-vanishing singular values γμ is less
than or equal to min(M2, N 2).
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