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DIRAC'S BRA-KET NOTATION

REVIEW




VECTORS IN BRA-KET NOTATION

» Vectors ()(ei' l(D[>/ [7}2))[1/;7/ —

: 5ual chtors <o) |) 4([/1/{] o
* Hermirtian product




QUANTUM STATES WITH VECTORS

- Vectors: linear superposition |vy)c; + | v,)c, = |w)

* Hermitian product:
* Probabllity interpretation
» Discrimination of guantum states



OPERATORS IN BRA-KET NOTATION




OPERATORS IN BRA-KET NOTATION

@ %/ 4 )&

(2,“'\

AL(AZL " -
\ - J

LA Z l(lfzmﬁr “TB




OPERATORS IN BRA-KET NOTATION
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SPECTRAL [ HEOREM

SPECTRAL DECOMPOSITION
FUNCTIONS OF OPERATORS




SPECTRAL [ HEOREM

NORMAL OPERATORS

(A, AT := AAT — AAT =0
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SPECTRAL [ HEOREM

NORMAL OPERATORS

(A, AT := AAT — AAT =0
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SPECTRAL [ HEOREM

NORMAL OPERATORS

(A, AT := AAT — AAT =0
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SPECTRAL [ HEOREM

NORMAL OPERATORS




SPECTRAL [ HEOREM

NORMAL OPERATORS

(A, AT .= AAT — Tifﬂ =

Po

/‘

—--Vg) le? [OO,) —— &le)z?

J| O

|

b




SPECTRAL [ HEOREM

NORMAL OPERATORS

(A, AT := AAT — AAT =0
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SPECTRAL [ HEOREM

NORMAL OPERATORS .
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(A, AT := AAT — AAT =0
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SPECTRAL DECOMPOSITION

NORMAL OPERATORS

(A, AT := AAT — AAT =0
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—HERMITIAN, POSITIVE, UNITARY




- XERCISE

U = exp(—ipX/2), X =10)(1]+[1) (0]

U = Xp{ i¢ 10 }
/ é H) 4| — I«-\> £ ))
QG(X) = J;CI)POGI) + }(—1 ) |2 <A]




FUNCTIONS OF OPERATORS

NORMAL OPERATORS




FACTORIZATION OF OPERATORS

SINGULAR-VALUE DECOMPOSITION
POLAR DECOMPOSITION




SINGULAR-VALUE DECOMPOSITION
WHAT IS |T :UW 0 - - | IU,,Q]

Aan — Um><frn2'm><nvv]L 01

nXn

U'U=00"=1,. VIV=VVi=I,

A= |ug) op (o - U
k=1 '

(ui|uz) = (vilvy) = 0




SINGULAR-VALUE DECOMPOSITION

PROOF IN MATRIX FORM

Aan — UmeEanVJXn



SINGULAR-VALUE DECOMPOSITION

PROOF IN DIRAC'S BRA-KET NOTATION

A= ug)or (vl s (uiluy) = (vilvj) = 6,
k=1



SINGULAR-VALUE DECOMPOSITION

OPERATOR FACTORIZATION

ATA = Z vk) o k) Z vi) AidijAj (vj| = Z 0i) Ai (wi|w;) Aj (v;)

ATA=B'B, B:= Z|w3 i (v

1=1
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- XERCISE

Gliven a plane containing the following two vectors,
find a set of mutually orthogonal vectors in the plane.

a=(2,01), b=(0,-21)
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ORTHONORMALIZATION

Suppose that we have a set {|ay), - ,|a,)} in an m-dimensional vector space
V. With m > n, the set spans a subspace 4 C V. Find an orthonormal basis of .
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ORTHONORMALIZATION

Suppose that we have a set {|ay), - ,|a,)} in an m-dimensional vector space
V. With m > n, the set spans a subspace 4 C V. Find an orthonormal basis of .

A=) o) (g
k=1

Aijlmxn = (vilay)

YV =Span{|vg) :k=1,--- ,m}



POLAR DECOMPOSITION

APPLICATION

A= Z\u (il = Z|u ) 8i0i5 (V5| = Z\u ui|uj) (sl



TENSOR PRODUCT OF VECTOR SPACES

VECTORS IN TENSOR-PRODUCT SPACE
OPERATORS ON TENSOR-PRODUCT SPACE




EXTENDING SPACES

T ENSOR-PRODUCT BASIS >
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VECTORS IN A [ ENSOR-PRO
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VECTORS IN A [ ENSOR-PRODUCT SPACE
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SEPARABLE OR ENTANGLED?

DO WE CARE AT ALL!
210,01 7«& AT
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SEPARABLE OR ENTANGLED?

SCHMIDT DECOMPOSITION



OPERATORS ON A TENSOR-PRODUCT SPACE



CHOI ISOMORPHISM

FOR CURIOUS STUDENTS




OPERATORS TO VECTORS

(OPERATIONS TO STATES)

A = Z v;) Ay (w;] Wa) =D |vi) ®|w;) Ay

) (wji| & |u) ® |wy)



SUPEROPERATORS TO OPERATORS

(CHANNELS TO STATES)
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SUMMARY

» Spectral decomposition of normal operators

* Functions of normal operators
» Singular-value decomposition (SVD) of o

- [ensor-product space

» Separable vs entangled states

Derators




