
LINEAR ALGEBRA II

MAHN-SOO CHOI (KOREA UNIV)

2022 Summer School on Quantum Information Science (22-25 Aug 2022)



DIRAC’S BRA-KET NOTATION
REVIEW



VECTORS IN BRA-KET NOTATION
• Vectors
• Dual vectors
• Hermitian product
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QUANTUM STATES WITH VECTORS

• Vectors: linear superposition 

• Hermitian product:
• Probability interpretation
• Discrimination of quantum states

|v1⟩c1 + |v2⟩c2 = |w⟩



OPERATORS IN BRA-KET NOTATION
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OPERATORS IN BRA-KET NOTATION
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OPERATORS IN BRA-KET NOTATION
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SPECTRAL THEOREM
SPECTRAL DECOMPOSITION
FUNCTIONS OF OPERATORS



SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0

⑧ KEEK.>
④ l%ᵗ?⃝o Iwi - - iwe>
*19-7-19.> a



SPECTRAL THEOREM
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
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SPECTRAL DECOMPOSITION
NORMAL OPERATORS

<latexit sha1_base64="0C/qzo9z7klrWuGaAwmGQBcRAw0=">AAACAnicZZDNS8MwAMXT+TXnV9Wjl+AQPOhoZagog4kXvU1wH7DWkabZFpamJUmVUXbzH/HqSfHq3ase/W/MuoLOPUj45SUv4cWLGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q0ux/vNeyIkDfmtGkbEDVCP0y7FSGmrY563nT5SFwfpfOf4qOfCswpMl78ePJxxKtDqmEWrZKWCs2BnUASZah3zxfFDHAeEK8yQlG3bipSbIKEoZmRUcGJJIoQHqEfaGjkKiHSTtOQI7mnHh91Q6MEVTN3phOqeugnlUawIx5NAN2ZQhXDcHPpUEKzYUAPCguo3Ie4jgbDS//P3pmRAH2iAVH9U0BXt/4VmoXFUso9L5ZtysXqdlc2DHbAL9oENTkAVXIEaqAMMnsAH+ARfxqPxbLwab5OjOSPLbIMpGe8/Kx2U/A==</latexit>

[Â, Â†] := ÂÂ† � ÂÂ† = 0
<latexit sha1_base64="CJ/JtyT79LCe2DaZ5SW2K8MQlg0="></latexit>

Â =
nX

k=1

|aki ak hak|
 
=
X

a
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HERMITIAN, POSITIVE, UNITARY

Uit)= e-i*↑ai→e
ñ=iñ→a7
t↑= % Her> Racial dat IR
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EXERCISE
<latexit sha1_base64="+rTIp32aZsFglAP64lI/9nMzrUk="></latexit>

Û = exp(�i�X̂/2) , X̂ = |0i h1|+ |1i h0|
<latexit sha1_base64="ecTZobapWwGossu6psLAXM8U520="></latexit>

U = exp

⇢
� i�

2


0 1
1 0
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/
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f- (F) = f-G) 1+7411 + f-G) 1-7<-1



FUNCTIONS OF OPERATORS
NORMAL OPERATORS

*= ¥a, Ida) descant
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FACTORIZATION OF OPERATORS
SINGULAR-VALUE DECOMPOSITION

POLAR DECOMPOSITION



SINGULAR-VALUE DECOMPOSITION
WHAT IS IT?

<latexit sha1_base64="ZrbQQhydySk6Cl1Dt81cmU7ndQk=">AAABcHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtYh8bFpCSmK4Qq2CqEQtm2Cp7xuQoKMTo6MYWliSlcYRDhMKBEWBhCCVC3soGeARgoYDIMoQxlBigIiBeQi0nJTy7NTc0rSc5JLC6ONjQqKImtzs4sz0zOSa3lAhpoiK4dkxFmpGdopmcSaKLs4Ak1moNBmkGJQYPBkMGcwYHBgyGAIZQhmWEhw3GGCwwXGT4xSjDKMypClDIxQvUIM6AARi0Al69YXQ==</latexit>

U †U = UU † = Im , V †V = V V † = In

<latexit sha1_base64="PeaBiQVKncjGhRN+naWxyQJlB0k=">AAACNHicfY/LSsNAGIVn6q3GW9SlIMFCcBWSUnQlFNzorqK9gFPCZDLWockkzExbS+kTuNVX8V0Ed+LWV9C0mRZswX8xnDPffw78QRoxqVz3HRZWVtfWN4qbxtb2zu6euX/QkElPEFonSZSIVoAljRindcVURFupoDgOItoMupcT3uxTIVnC79Qwpe0Ydzh7YASr7Ms3f5CgnA5IEseYhwgLgYdSCarI48hzymMD3bJOjK0LAwW0w/goiLES7CkDcgJ8z7IthAxb27K22RuGiZK5yVyOhfa25c7UwuacudZE2IhMoT0XVg6yDdTXKG/pz1r+TxqI8nB+hm+WXMedjrUsPC1KQE/NN49RmJBeTLkiEZby3iunqj3qsgEjER0bWaG3GF8WjbLjnTmVm0qpeq2ri+AInIBT4IFzUAVXoAbqgEAKn+ELfIVv8AN+wq98tQB15hD8Gfj9C5IQlJQ=</latexit>

⌃ =

2

66666666666666666664

�1

�2

�r

0

0

0 0 · · · · · · 0 0

0 0 · · · · · · 0 0

3

77777777777777777775

<latexit sha1_base64="UVIihCu1M57CzsDjHWYePX0/TG8=">AAABZnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQsYxiQVJWanllSXxmfWlMZn1SrYKsCEyoBCZVChlNScksT46sys2ngBZQM9AzBQwGQYQhnKDFAQEC8gF5OSn1yam5pXkpyTWFwcbWhUUBJbnZ1Znpmck1rLBTTQEF07JiPMSM/QTM8k0ETZwRNqNAeDNIMSgwaDIYM5gwODB0MAQyhDMsN0hr0MxxiOM7xg5GMUZRSHKGVihOoRZkABjAoAG3BZZQ==</latexit>

hui|uji = hvi|vji = �ij

<latexit sha1_base64="lFriHatMzKwRafFK48Dsq1jHRlU=">AAACCHicZVDLSsNAFJ3UV62vqEs3g0VwVRIRdSO0uNFdRdMWmhgmk0k7dDIJk4lSQn7AH3Hbnbh171bxb5y2QVt7YODcc++Zy7lezGgiDeNbKy0tr6yuldcrG5tb2zv67l4riVKBiYUjFomOhxLCKCeWpJKRTiwICj1G2t7gatxvPxKR0Ijfy2FMnBD1OA0oRlJJrt5ouFloSxqSBPIcXkLrrw5z+472QjQ70XIz/ls82D7quXrVqBkTwEViFqQKCjRdfWT7EU5DwiVmKEm6phFLJ0NCUsxIXrHThMQID1CPdBXlSC1zsknUHB4pxYdBJNTjEk7UeYcMLpyM8jiVhOOpIUgZlBEc54c+FQRLNlQEYUHVToj7SCAs1ZVmf8oG9ImGSPbziopo/g+0SFonNfOsdnp7Wq3fFGHL4AAcgmNggnNQB9egCSyAwQv4AJ/gS3vWRtqr9jYdLWmFZx/MQXv/ATmAmpE=</latexit>

Am⇥n = Um⇥m⌃m⇥nV
†
n⇥n

<latexit sha1_base64="VEULSM57Hw1A8VSUH7rUZvDvjXA=">AAAB9nicZZA7T8MwFIWd8irlFWBksaiQmEqCKmCpVMQCW5HoQ2pK5Lhua8V5yL4pVFF+BisbYu3OCj+Cf4NbMlB6pCsdnetj67MXC67Asr6Nwsrq2vpGcbO0tb2zu2fuH7RUlEjKmjQSkex4RDHBQ9YEDoJ1YslI4AnW9vyb2b49ZlLxKHyAScx6ARmGfMApAR255pkzInCNa9hRSeCmfs3OHiV2fAZp4vqZo/gwIK7veJKkYx24ZtmqWHPhZWPnpoxyNVxz6vQjmgQsBCqIUl3biqGXEgmcCpaVnESxmFCfDFlX25AETPXSOViGT3TSx4NI6gkBz9PFBgyueikP4wRYSH8Lg0RgiPCMFve5ZBTERBtCJddvYjoiklDQf/L3ptTnTzwgMMpKGtH+D7RsWucV+6JSva+W63c5bBEdoWN0imx0ieroFjVQE1H0gj7QJ/oyno1X4814/z1aMPLOIVqQMf0BlYGTAA==</latexit>

Â =
rX

k=1

|uki�k hvk|

4=(1%1104--1%7)



SINGULAR-VALUE DECOMPOSITION
PROOF IN MATRIX FORM

<latexit sha1_base64="lFriHatMzKwRafFK48Dsq1jHRlU=">AAACCHicZVDLSsNAFJ3UV62vqEs3g0VwVRIRdSO0uNFdRdMWmhgmk0k7dDIJk4lSQn7AH3Hbnbh171bxb5y2QVt7YODcc++Zy7lezGgiDeNbKy0tr6yuldcrG5tb2zv67l4riVKBiYUjFomOhxLCKCeWpJKRTiwICj1G2t7gatxvPxKR0Ijfy2FMnBD1OA0oRlJJrt5ouFloSxqSBPIcXkLrrw5z+472QjQ70XIz/ls82D7quXrVqBkTwEViFqQKCjRdfWT7EU5DwiVmKEm6phFLJ0NCUsxIXrHThMQID1CPdBXlSC1zsknUHB4pxYdBJNTjEk7UeYcMLpyM8jiVhOOpIUgZlBEc54c+FQRLNlQEYUHVToj7SCAs1ZVmf8oG9ImGSPbziopo/g+0SFonNfOsdnp7Wq3fFGHL4AAcgmNggnNQB9egCSyAwQv4AJ/gS3vWRtqr9jYdLWmFZx/MQXv/ATmAmpE=</latexit>

Am⇥n = Um⇥m⌃m⇥nV
†
n⇥n



SINGULAR-VALUE DECOMPOSITION
PROOF IN DIRAC’S BRA-KET NOTATION

<latexit sha1_base64="2jrlNBJ+Otv2ujms8Sdtk/JQaEo="></latexit>

Â =
rX

k=1

|uki�k hvk| , hui|uji = hvi|vji = �ij



SINGULAR-VALUE DECOMPOSITION
OPERATOR FACTORIZATION

<latexit sha1_base64="N1ZvcUZ4AU9uMjOXVvua9rIiA7M="></latexit>

Â†Â =
rX

k=1

|vki�2
k |vki =

X

ij

|vii�i�ij�j hvj | =
X

ij

|vii�i hwi|wji�j hvj |

Â†Â = B̂†B̂ , B̂ :=
rX

j=1

|wji�j hvj |



EXAMPLE
<latexit sha1_base64="7tnceLbzZK7yVzKjSOQJHh/68LE=">AAACHHicZVDLSgMxFM34rOOr6tJNsCiuyoyW6kaounFZwbZCp5RMetuGZjJjklHLML/iN7h3607cCi7d6k+YPijWHggcTu45l3P9iDOlHefTmptfWFxazqzYq2vrG5vZre2qCmNJoUJDHspbnyjgTEBFM83hNpJAAp9Dze9dDv5r9yAVC8WN7kfQCEhHsDajRBupma2c4zPs+dBhIvEDoiV7TG0XH2BP3UmdHKfY8+wRP0oncnEo/x2zPRCtSUIzm3PyzhB4lrhjkkNjlJvZZ68V0jgAoSknStVdJ9KNhEjNKAeTHiuICO2RDtQNFSQA1UiG9VO8b5QWbofSPKHxUJ126PZpI2EiijUIOjK0Y451iAc3wS0mgWreN4RQycxOTLtEEqrN5f4mJT32wEzHbmqbiu7/QrOkepR3i/nCdSFXuhiXzaBdtIcOkYtOUAldoTKqIIpe0Bf6Rj/Wk/VqvVnvo9E5a+zZQVOwPn4B10+fuA==</latexit>

A =

2

4
1

p
3p

2
p
6

1
p
3

3

5



EXAMPLE
<latexit sha1_base64="wQvpc7UVFB6+G/c+vaE6NDHiO1Y=">AAACB3icZZBNS8MwHMZTX2d9q3r0EhwOL452DPUiTL14nOBeYB0jTf/bwtK0pKk6yj6AX8SrnsSrd68KfhuzbohzDyT8ePJ/Ep54EWexsu1vY2FxaXllNbdmrm9sbm1bO7v1OEwkhRoNeSibHomBMwE1xRSHZiSBBB6Hhje4Gp837kDGLBS3ahhBOyA9wbqMEqWtjlW5wOfY9aDHROoFREn2MDJxCRewjV3X1HsBH5cydDQ6Y3JB+L/DHStvF+1MeB6cKeTRVNWO9eL6IU0CEIpyEsctx45UOyVSMcphZLpJDBGhA9KDlkZBAojbadZ0hA+14+NuKPUSCmfubEJ1z9opE1GiQNBJoJtwrEI8ro99JoEqPtRAqGT6TUz7RBKq9Cf9vSkdsHumO/ZHpq7o/C80D/VS0Tkplm/K+crltGwO7aMDdIQcdIoq6BpVUQ1R9IQ+0Cf6Mh6NZ+PVeJuMLhjTzB6akfH+A+hvk8k=</latexit>

A =

2

4
2 0
0 �2
1 1

3

5



EXERCISE
Given a plane containing the following two vectors, 

find a set of mutually orthogonal vectors in the plane.
<latexit sha1_base64="DYPp+HcM4mGp4m24xW65mpeIRLA=">AAAB63icZZBNS8MwHMbT+TbrW9Wjl+AUJtTRjqFeBgMvepvgXmAtI03TLSx9MUmVUfYFvHoTr9531W/itzHbenDugT88PP88Cb94CaNCWtaPVlhb39jcKm7rO7t7+wfG4VFbxCnHpIVjFvOuhwRhNCItSSUj3YQTFHqMdLzR7WzfeSZc0Dh6lOOEuCEaRDSgGEkV9Y0zxwtQvVw1LdO+gI5pQucpRb6uYq9etszLqsr7RsmqWHPBVWPnpgRyNfvG1PFjnIYkkpghIXq2lUg3Q1xSzMhEd1JBEoRHaEB6ykYoJMLN5jQTeK4SHwYxVxNJOE+XGzK4cTMaJakkEV4UgpRBGcMZIvQpJ1iysTIIc6rehHiIOMJSfcTfm7IRfaEhksOJrhDt/0Crpl2t2FeV2kOt1LjPYYvgBJyCMrDBNWiAO9AELYDBK5iCL/Cthdqb9q59LI4WtLxzDJakff4C6u+Jwg==</latexit>

a = (2, 0, 1) , b = (0,�2, 1)



EXERCISE
Given a plane containing the following two vectors, 

find a set of mutually orthogonal vectors in the plane.
<latexit sha1_base64="DYPp+HcM4mGp4m24xW65mpeIRLA=">AAAB63icZZBNS8MwHMbT+TbrW9Wjl+AUJtTRjqFeBgMvepvgXmAtI03TLSx9MUmVUfYFvHoTr9531W/itzHbenDugT88PP88Cb94CaNCWtaPVlhb39jcKm7rO7t7+wfG4VFbxCnHpIVjFvOuhwRhNCItSSUj3YQTFHqMdLzR7WzfeSZc0Dh6lOOEuCEaRDSgGEkV9Y0zxwtQvVw1LdO+gI5pQucpRb6uYq9etszLqsr7RsmqWHPBVWPnpgRyNfvG1PFjnIYkkpghIXq2lUg3Q1xSzMhEd1JBEoRHaEB6ykYoJMLN5jQTeK4SHwYxVxNJOE+XGzK4cTMaJakkEV4UgpRBGcMZIvQpJ1iysTIIc6rehHiIOMJSfcTfm7IRfaEhksOJrhDt/0Crpl2t2FeV2kOt1LjPYYvgBJyCMrDBNWiAO9AELYDBK5iCL/Cthdqb9q59LI4WtLxzDJakff4C6u+Jwg==</latexit>

a = (2, 0, 1) , b = (0,�2, 1)



ORTHONORMALIZATION
<latexit sha1_base64="W7liGl/kBauupPN/tSqM1osPjEI=">AAACCHicZU9NS8MwGE78/rbqUZDgevAwyzpE8SIDQfQ20W2CHSVNX21YmpQm2xDpH/DXeBOv/gVP/htTraDuObw8efN8JFEmuDaNxgeemp6ZnZtfWFxaXlldW3c2NrtaDXMGHaaEym8iqkFwCR3DjYCbLAeaRgJ60eC0vO+NINdcyWvzkEE/pfeS33FGjV2FzvvVMMuUBmISasgYSEJHQCjRYIgb2PkYDMpBRZbQ0C/qAYuV0fXfW1kULuGSUEnc1N2PeQqyLKSCjIAZlROdUQY2j1HRdT3S4yax0hPp1m0vfJVZidRl8TD6pe4E5RnMj/OMy7jsUblJlFR5ajvs97km6q5yuF7o1Bpe4wtkkvgVqaEK7dDZCWLFhvbZhgmq9a3fzEz/ccDHnAkolmyg/98+SbpNzz/0Di6btdZFFb2AttEu2kM+OkItdI7aqIMYPsYhTjDHT/gZv+DXb+kUrjxb6A/w2yfJxZHR</latexit>

{|↵1i , · · · , |↵ni} m
V m > n U ⇢ V U

F. ÷] ;fHH=É⇒M¥• ""
Makela}

IN>= twitter.kz



ORTHONORMALIZATION
<latexit sha1_base64="W7liGl/kBauupPN/tSqM1osPjEI=">AAACCHicZU9NS8MwGE78/rbqUZDgevAwyzpE8SIDQfQ20W2CHSVNX21YmpQm2xDpH/DXeBOv/gVP/htTraDuObw8efN8JFEmuDaNxgeemp6ZnZtfWFxaXlldW3c2NrtaDXMGHaaEym8iqkFwCR3DjYCbLAeaRgJ60eC0vO+NINdcyWvzkEE/pfeS33FGjV2FzvvVMMuUBmISasgYSEJHQCjRYIgb2PkYDMpBRZbQ0C/qAYuV0fXfW1kULuGSUEnc1N2PeQqyLKSCjIAZlROdUQY2j1HRdT3S4yax0hPp1m0vfJVZidRl8TD6pe4E5RnMj/OMy7jsUblJlFR5ajvs97km6q5yuF7o1Bpe4wtkkvgVqaEK7dDZCWLFhvbZhgmq9a3fzEz/ccDHnAkolmyg/98+SbpNzz/0Di6btdZFFb2AttEu2kM+OkItdI7aqIMYPsYhTjDHT/gZv+DXb+kUrjxb6A/w2yfJxZHR</latexit>

{|↵1i , · · · , |↵ni} m
V m > n U ⇢ V U

A'=%④nWnl=%e1Ued0k8kewe1
=⑧⑧ =EelUa> resalable><Web
wz=④F Elke;

⑤=A =*§w-
=



ORTHONORMALIZATION
<latexit sha1_base64="W7liGl/kBauupPN/tSqM1osPjEI=">AAACCHicZU9NS8MwGE78/rbqUZDgevAwyzpE8SIDQfQ20W2CHSVNX21YmpQm2xDpH/DXeBOv/gVP/htTraDuObw8efN8JFEmuDaNxgeemp6ZnZtfWFxaXlldW3c2NrtaDXMGHaaEym8iqkFwCR3DjYCbLAeaRgJ60eC0vO+NINdcyWvzkEE/pfeS33FGjV2FzvvVMMuUBmISasgYSEJHQCjRYIgb2PkYDMpBRZbQ0C/qAYuV0fXfW1kULuGSUEnc1N2PeQqyLKSCjIAZlROdUQY2j1HRdT3S4yax0hPp1m0vfJVZidRl8TD6pe4E5RnMj/OMy7jsUblJlFR5ajvs97km6q5yuF7o1Bpe4wtkkvgVqaEK7dDZCWLFhvbZhgmq9a3fzEz/ccDHnAkolmyg/98+SbpNzz/0Di6btdZFFb2AttEu2kM+OkItdI7aqIMYPsYhTjDHT/gZv+DXb+kUrjxb6A/w2yfJxZHR</latexit>

{|↵1i , · · · , |↵ni} m
V m > n U ⇢ V U

<latexit sha1_base64="mnlcrOJIjv9JAE9yozhBMeR0Ii8=">AAABYnicZYzLSsNAFIbP1FuNt9QuFQlm48aQKUWhUKi40V0F0xacGibjaIdMLmQmLRLyFD6NW30K9z6IUbPRfquP85//D1IplHbdD9RYWV1b32huGlvbO7t7Zmt/pJI8Y9xjiUyySUAVlyLmnhZa8kmacRoFko+D8PI7H895pkQS3+rnlE8j+hSLR8Gork6+eUpmVF9Yvb5FVB75RdjH5X1skZDrglCZzqgfliTIaDGvxDdt13F/sJYF12JDzdA3j8hDwvKIx5pJqtQd7qR6WoRiIZjkpVEN4v/1ZRl1HHzmdG+69uC6nm7CARzDCWA4hwFcwRA8YPACr/AG7/CJDNRC7d/XBqo7bfgDOvwCWPJXFA==</latexit>

Â :=
nX

k=1

|↵ki hvk|

<latexit sha1_base64="sB8qVaM4hwDT/BNADnJDOfXnhjw=">AAABYnicZYzLSsNAFIbP1Futl6Z2qUgwGzeGpBQFQai40V0F0xaaMEzGo04zuZCZViTmKXwat/oU7n0Qq2aj/VYf5z//H2ZSKO04H6S2tLyyulZfb2xsbm03jdbOQKXTnKPHU5nmo5AplCJBTwstcZTlyOJQ4jCMLr7z4QxzJdLkRj9lGMTsPhF3gjM9P1HjaHxOCzEpA1rEvhYxKjMpzdMz0w9zFqEuZlQ8+0xmD4xOSmpYju38YC6KW4kFFX1q7Pu3KZ/GmGgumVJjt5PpoIjEo+ASy8Z80P1fX5RBx3aP7e511+pdVdN12IUDOAQXTqAHl9AHDzi8wCu8wTt8kgZpkfbva41UnTb8gex9Ac8ZV4U=</latexit>

[Aij]m⇥n := hvi|↵ji
<latexit sha1_base64="2uGYsoQfgN5qv9Fy1f0gqFyAlYI=">AAABbnicZYzLSsNAFIbP1Futl0YFN6IGs+milKQURaFQcKO7iiYtmBIm06MMmWRCZlqRkGfxadzq2rfwEYyajfZbHD7OOf8fpoIrbdsfpLa0vLK6Vl9vbGxubTeNnV1PyVnG0GVSyGwcUoWCJ+hqrgWO0wxpHAochdHl9300x0xxmdzp5xQnMX1M+ANnVJerwDj3GRWeafZNX6aYUS2zhMaY36Y0KXyFOvejcsyDqLiI+k7bZ1OpVduMi8Cw7I79g7koTiUWVAwD48ifSjaLMdFMUKXunW6qJ3nEnzgTWDTKQud/fFG8bsc57fRuetbguqquwwGcQAscOIMBXMEQXGDwAq/wBu/wSfbJITn+fa2RKrMHfyCtL6B9W/w=</latexit>

V = Span {|vki : k = 1, · · · ,m}



POLAR DECOMPOSITION
APPLICATION

<latexit sha1_base64="VK6tXpf/WQ8GxRaqmQ6791i09Wg="></latexit>

Â =
X

i

|uii si hvi| =
X

ij

|uii si�ij hvj | =
X

ij

|uii si hui|uji hvj |



TENSOR PRODUCT OF VECTOR SPACES
VECTORS IN TENSOR-PRODUCT SPACE

OPERATORS ON TENSOR-PRODUCT SPACE



EXTENDING SPACES
TENSOR-PRODUCT BASIS

(☒ Wn ) m⊕Q2④#

Um Won → man
↓

{Ni
,
-
-;wms} Zlw ,≥ -+ con >}

{ Wi>☒ Iwj> : it, ,m, j-1.in}



VECTORS IN A TENSOR-PRODUCT SPACE

IE)= ¥ 10¥ 1%1 Cij÷?⃝
" 42 - - - an

Cu Cu - -?⃝= U V+ &
;

Emi



VECTORS IN A TENSOR-PRODUCT SPACE

Wil Iwi>⑧%Uiaj
= I. 1%7*197 (UEj
ÉµEiMia) E)g) on

= E.ci#jic-Fi--i--*oa



VECTORS IN A TENSOR-PRODUCT SPACE

=¥i¥n
r≤ mimGym ,

A-1

④☒④I



SEPARABLE OR ENTANGLED?
WHY DO WE CARE AT ALL?

<latexit sha1_base64="PegQFX4+s9cTjU/pQniMzZ4ecDU="></latexit>

| i = |0i ⌦ |0i+
p
3 |0i ⌦ |1i+

p
2 |1i ⌦ |0i+

p
6 |1i ⌦ |1i+ |2i ⌦ |0i+

p
3 |2i ⌦ |1i

<latexit sha1_base64="1rZwLjZVg244jFJh4JUIhmyKyyw=">AAACMHicbVDLSgMxFM34rPVVdekmWARBLJNS1I1QcKO7CvYBnVLSNNOGyTxI7ihlmH8Sf8StrsSte7dq2s7Cth4InHvOPbnc24uk0GDbb9bS8srq2npuI7+5tb2zW9jbb+gwVozXWShD1epRzaUIeB0ESN6KFKd+T/Jmz7se+80HrrQIg3sYRbzj00EgXMEoGKlbEI7Hwalpga9wGY+LxE6dEITPdVbhs8wgMwZJ8emElOf7/5NJ2i0U7ZI9AV4kJCNFlKHWLTw5/ZDFPg+ASap1m9gRdBKqQDDJ07wTax5R5tEBbxsaUDOrk0xOkuJjo/SxGyrzAsATdTYB7mUnEUEUAw/YNODGEkOIx3fCfaE4AzkyhDIlzEzMhlRRBuaaf39KPPEofArDNG9WJPMLLZJGuUTOS5W7SrF6my2bQ4foCJ0ggi5QFd2gGqojhl7QF/pGP9az9Wq9Wx/T1iUryxygGVifv4yoqmw=</latexit>

| i = 2 |0i ⌦ |0i � 2 |1i ⌦ |1i+ |2i ⌦ |0i+ |2i ⌦ |1i

2iZ1%w}#
ATa) = la> a la)eiAla⑧

ladci-lae.SI



SEPARABLE OR ENTANGLED?
SCHMIDT DECOMPOSITION



OPERATORS ON A TENSOR-PRODUCT SPACE



CHOI ISOMORPHISM
FOR CURIOUS STUDENTS



OPERATORS TO VECTORS
(OPERATIONS TO STATES)

<latexit sha1_base64="nbgclNzris4ECLtz/ydHnbLY9Eo=">AAAB8HicZZC7TsMwGIWdcivlFmBksaiQYKkSVAELUisW2IpEL1ITRY7rtG6di+w/raooz8DKhliZWFjhOXgb0jYDpUey9PnY57eO3UhwBYbxoxXW1jc2t4rbpZ3dvf0D/fCopcJYUtakoQhlxyWKCR6wJnAQrBNJRnxXsLY7upudt8dMKh4GTzCNmO2TfsA9TglklqNfWAMCdXyLLRX7TsKHqTVikIwdntYXW1eSZOIMU0cvGxVjLrwKZg5llKvh6B9WL6SxzwKggijVNY0I7IRI4FSwtGTFikWEjkifdTMMiM+Uncwrpfgsc3rYC2W2AsBzdzkB3o2d8CCKgQV0EfBigSHEs564xyWjIKYZECp59iamAyIJhew3/k5KRnzCfQKDtJRVNP8XWoXWZcW8qlQfq+XaQ162iE7QKTpHJrpGNXSPGqiJKHpGn+gLfWtSe9FetbfF1YKWZ47RkrT3X/LUkQE=</latexit>

Â =
X

ij

|viiAij hwj |
<latexit sha1_base64="PP1N0eYmBz6Dz56WAolPyTh5cb8=">AAAB/nicZVC7SgNBFJ2NrxhfUUubwSBYhV0RYyMk2GgXwTwgG5bJZJJMdvbBzN2EsCz4I7Z2oqW9rX6Af+Nks4UxBwbOnHvPvZzbCwVXYJo/Rm5tfWNzK79d2Nnd2z8oHh41VRBJyho0EIFs94higvusARwEa4eSEa8nWKvn3s7rrQmTigf+I8xC1vXI0OcDTgloySlWbJdBbNcVd2oJvsG2ijwn5uMk1ScOT+wAuMdU+p8646SWlp1iySybKfAqsTJSQhnqTvHd7gc08pgPVBClOpYZQjcmEjgVLCnYkWIhoS4Zso6mPtE7u3EaMMFnWunjQSD18wGn6rIDBtfdmPthBMynC8MgEhgCPE+N+1wyCmKmCaGS652YjogkFPRt/k6KXT7lHoFRUtARrf+BVknzomxdlS8fLkvV+yxsHp2gU3SOLFRBVXSH6qiBKHpGn+gLfRtPxovxarwtWnNG5jlGSzA+fgEu85dv</latexit>

| Ai =
X

ij

|vii ⌦ |wjiAij

<latexit sha1_base64="2y6HAFZH9RdOEQs638RxTBUM5dY=">AAACDXicZVBNS8NAEN3U7/pV9ehlsQieSiJFPRYEUfCgYFUwJWy2k3btJhs3kxYJ+Q3+EQ9evIlX795Ef4zbWNDaBwNv38zb4Y0fS5GgbX9Ypanpmdm5+YXy4tLyymplbf0yUanm0ORKKn3tswSkiKCJAiVcxxpY6Eu48nuHw/5VH3QiVHSB9zG0QtaJRCA4QyN5lSO3B5j1PZG7vmbZwLvNqXuXsrZ7CgFq0eki01oNCo3+DisUISTFe+jxKlW7Zhegk8QZkSoZ4cyrPLltxdMQIuSSJcmNY8fYyphGwSXkZTdNIGa8xzpwY2jEzLZWVuTN6bZR2jRQ2lSEtFDHHRgctDIRxSlCxH8MQSopKjo8Am0LDRzlvSGMa2F2Ut5lmnE0p/r7U9YTAxEy7OZlE9H5H2iSXO7WnL1a/bxebZyMws6TTbJFdohD9kmDHJMz0iScPJJ38km+rAfr2XqxXn9GS9bIs0HGYL19AxPmnp8=</latexit>

|vii hwj | , |vii ⌦ |wji



SUPEROPERATORS TO OPERATORS
(CHANNELS TO STATES)

<latexit sha1_base64="uCRLlDn34NYVtcngzbRWwcVDJeU="></latexit>

F(⇢̂) =
X

A

X

B

Â ⇢̂ B̂† =
X

ij

X

kl

(|wiiAij hvj |) ⇢̂ (|wkiBkl hvl|)†

<latexit sha1_base64="dk4U5an9SUZ4vJF53xs+PsWDDd0="></latexit>

ĈF =
X

ij

X

kl

|wivjiAijB
⇤
kl hwkvl|

<latexit sha1_base64="WuDeyTNkLfmwkZdKQXMEehzc+g4="></latexit>

|vii hwj | · (|vki hwl|)† , |viwji hvkwl|



SUMMARY

• Spectral decomposition of normal operators
• Functions of normal operators

• Singular-value decomposition (SVD) of operators

• Tensor-product space

• Separable vs entangled states


