MAHN-S00 CHOI (KOREA UNIVERSITY)
January 20, 2022 (v14)

o)
=i
=4
e

+
=
__:l
S




m The code space

V = Span {|0) := [000), |T) := [111)}
m Consider a logical quantum state

[000) co + [111) ¢;
EIED)
[¢') = [100) co + |011) ;.
Note that (¢'|¢)) = 0 for any co,c; € C.

1en the first qubit is flipped

E=afelel+pl T (a,8e0)?

Then,

@ (]100) ¢o + [011) ¢1) + 8 (|010) o + [101) ¢1)
0

we detect and correct the error?

gnose the syndrome of 4
—1, [100)co+ [011)cy, with P = |af?
+1, 010y co +[101) ¢y, with P =[B[?

atever the syndrome is, the error is corrected!
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“The plane invariant under all ortations around the z-axis and the spatial inversion
about the origin”

m Extensibility

m Surface codes (a more general and wider class of codes)
m Topological quantum computation

m Other methods are boring (to me).

m Gottesman, Phys. Rev. A (1996) & Gottesman, Phys. Rev. A (1998):
Stabilizer codes

m Kitaev, Ann. Phys. (2003) = quant-ph /9707021
Topological quantum computation

m Freedman, Foundations of Computational Mathematics (2001) &
Dennis et al, Journal of Mathematical Physics (2002):
Surface codes




What is stabilizer?
The Pauli and Clifford groups

ties of stab

zers in the Pauli group
Unitary gates in stabilizer formalism
3 M

]
a
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n
-]

urements in stabilizer formalism

B Examples

A group is a set G with an algebraic structt
W Forany Gy, Gy € G, G1Gy € G. (In general, G1G2 # G2Gy.)

etermined by the “multiplication”.

m There exists [ € G such that IG= Gl =GforallGe G
m For each G € G, there exists G~ € G such that GG™! = G

,G3 € G, (G162)Gs = G1(G2G3)

m fForany Gy, G

vector space <+ line: erposition
group < multiplication (and division)




)UP GENERA

G = Gen {Gy,

Example: The single-qubit Pauli gro
G = {&], il
is generated by X, ¥, Z; and hence

p

P (STABILIZER)

m Let [¢)) € V be a quantum state

m An operator G is said to stabilize [¢) if

Gly) =
0 be stabilized by G

is said

o 100) +111)
\U—*\E

tabilizes |®)
stabilizes |®)

m The stabilizer subgroup of |®) is
S={l®

XoX, 202, -Va i}

Or, equivalently o
S=Gen{X®X 202}

m Let V be a subspace of the Hilbert space of
d a stabilizer subgroup of V if
Sy =|w), VSeS,V|y)ev.

V is said to be stabilized by S

m Asubgroup S C G is cal

* Not to be confused with an invariant subspace
Slyev, VSeS V) eV.
That is, S [y) # ) and vet S|v) € V.




V = Span {000} , |111)}

m /®7®]stabilizes V.
7 ®7 stabilizes V.
e stabilizer subgro

S=

n S of Vis given by
ool e/l ie’Zel, 7eiel}.

Or, equivalently,

Gen{Z@Zellelel

m In unitary group U(d), relatively easy!
m In U(d) ® U(d) ® --- ® U(d), not easy in general

m In the Pauli group, qu

3ILIZER FO

HAT CAN YOU D { STABILIZERS?

m In the usual Schrodinger picture,

[} = [

m In the stabilizer formalism?
m In general, § of |y) cannot stabilize |¢') any longer.
m How can you find & of [¢/)7

), 0GOT Oy = 0ly)

NUB

Verdict:
m Relatively easy once the inital S is kn
m In general, however, highly ineffective since one has to keep track of operators
n the stabilizers

1




w Consider a projection measurement of an observable 1

m In the usual Schrodinger picture, the

t-measurement state is given by

) > |4 P ),

where Py, is the projection onto the eigenspace belonging to the measurement
outcome m.

Verdict:
m In general, it is not easy to get &' of

m Let alone keeping track of the operators in the stabilizers.

The devil is in the details,

Or

God is in the details

tabilizers in the Pauli group is extreme

\ULI AND CLIFFORD G

TCH TO THE QUANTUM WORKE

B Given a of independent Pauli operators Gy, C -, Gy, find G that
anti-commutes with one and only one of them a ommute with the rest

m For example, consider

hat about these?




NTINUED)
o

B Given a unitary 1]
m Is controlle
m Is controlle
[

B Given a Clifford

, decompose it into elementary Clifford gates.

-

sider a Clifford

11 1 -1 1 -1 1 1
1 -1 1 1 1 1 1 -1
11 -1 1 -1 1 1 1
-1 1 1 1 1 I -1 1
11 1 -1 -1 1 -1 -1
-1 1 -1 -1 1 1 1 -1
11 -1 1 1 -1 -1 -1
1 I -1 -1 1 I -1 1

ou see this is a Clifford?

CLIFFORD D

vS. GRaY DECOMPOSITION

B In terms of elementary Clifford gates,

d decomposition gives al 149 gates!)

Eg
SR

ote that there are

can you list the

em

E PROBLEMS  (CONTINUED)

ABOUT THE CLIFFORD GROUF

oup?

say, the three-qubit Clifford g
) nt to do that?

280 elements in C(3). W




H All elements of S commute with each other (S is Abelian)
B S cannot include —1. (8 includes no Pauli operator:

vith phase factors i)

MENTAL PROPERTI ABILIZERS

CODE SPACE AND STABILIZER

Suppose that S is a stabilizer on n qubits generated by k independent ope
Gy,+++, G Let V is the subspace stabilized by S
B S is Abelianand S ~ Z; (with the group multiplication given by the addition
modulo 2)

imension of V is equal to 2"~ In other words, the subspace V can encode
(n = k) logical qubits,

oth |00) and |11), and hence any combination of
00) + [11) |00) — [11)
m X ® X stabilizes any combination of
[00) +[11)  ]01) + |10}
m S:= Gen{Z®Z,X®X} stabilizes only
[00) + |11)
A

Therefore, dimV = 1 consistent with 2"




m Aquantum state is a

ilizer state if it can be obtained from |0,0,---,0) by

B Given a quantum state, ho
B Given a stabilizer st

an you tell if it is a stabilize

m Generators of the stabilizer
060t

G~ UGU

m logical operators

Recall




m Any Pauli operator has eigenvalues +1 only

urement outcome is either o (+1) or 1 (—1)

REMENTS

AENTATION

m Measurement in other bas

lective measurement

b

X

1<




m Collective measurement

Y
®
N

m Sequential measurement

Z®] followed by 1® 27 :

000) o+ 111) ¢ <125 [100) co+ 011 ¢y e ment 1 measurement

100) 100)

Let 1 be a Pauli operator to measure. Let Gy, Ga, - - , Gy, be independent generators
of the stabilizer S.

anti-commutes with at least one of the generator of the stabilizer.

commutes with all generators of the stabilizer.
/ belongs to the stabilizer: No ge.
does not belong to the stabilizer: The stabilizer breaks!

anti-commute with G
m The post-measurement state is

m let

given by

= 3£ )
= Lazi.
H fthe o

= Just rep

B ftr

5 0 (+1), then [¢,) is stabilized by i

m In any case, operate G conditioned on the measurement outcome, and then
replace G by M in the generating set.




EASUREMENT

H Identify a generator G := C that anti-commutes with M

B Operate G conditioned on the measurement outcome

B Replace G by M in the generating set

m Keep it ifi
m Replace it

B For each logical operator {; (X; or Z,),
eep it if it commutes witt
place it with GL; if it anti

mmutes with i

EX LES

SWITCH TO THE QUANTUM WORKBOC

A quantum circuit consisting of Clifford gates only.

The Clifford group = Gen {Hadamard, quadrant, CNOT}

Note that together with the octant pha
stabilizer circuit

gate (the so-called T-gate) as well, the
come universal




ABILIZER CIRCUITS

B Clifford gates
B Pauli measurements followed by semi-classical control

cal computer”

"Any stabilizer circuit can be efficiently simulated on a class

The Clifford operators are sufficient to generate a rich range of quantum effects

ger-Horne-Zeilinger (GHZ) experiment, quantum

including the Green
teleportation, and super dense coding
They are also sufficient to encode and decode quantum error-correction codes

(to be seen soon)

So, yes, indeed surprising!
On the other hand, the Clifford gates are not sufficient for universal quantum
n addition to Clifford gates, we need octant phase gates (or Toffo

computation o
gates) to implement an arbitrary unitary gate to an arbitrary accuracy

Key Point: Stabilizer formalism tracks the generators of the stabilizer rather than

the quantum states as in the usual methods
t p track of 27

s, one needs Lo ke

o follow the evolution of the quantum st

complex amplitudes.
vs.
because any finite group G

There are an order of n generators of the stabilizer
erating set of at most log, |G| elements

The Clifford group is generated by the Hadamard, octant phase, and CNOT gates
elementary gates can be updated

The generators under the conjugate by the:
n polynomial time, 6(n) time, for the gate
See the algorithm by Aaronson & Gottesman, Physical Review A (2004)




ENAGLEMENT

GLEMENT ALONE IS NO

QFT =

What governs “superpo
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